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1 Introduction 
1.1 B ackgr ound 

Enumerative geometry of algebraic varieties is a field of mathematics that has 
been a subject of ongoing research since at least the nineteenth century. Prob- 
lems in this field are geometric in nature. It has connections to other fields of 
mathematics as well as to theoretical physics. The general goal of enumerative 
algebraic geometry is to determine the number of geometric objects that sat- 
isfy pre-specified geometric conditions. The objects are often, but not always, 
complex curves in a smooth algebraic manifold. Such curves would be required 
to represent a given homology class, to have certain singularities, and to satisfy 
various contact conditions with respect to a collection of subvarieties. One of 
the most well-known examples of an enumerative problem is: 

Question A If d is a positive integer, what is the number rid of degree- 
d rational curves that pass through 3d— 1 points in general position in the 
complex projective plane ? 

Since the number of lines through any two distinct points is one, ni=l. A 
little bit of algebraic geometry and topology gives n2=l and 713= 12. It is 
far harder to find that 714 = 620, but this number was computed as early as 
the middle of the nineteenth century; see |16| page 378]. The higher-degree 
numbers remained unknown until the early 1990s, when a recursive formula for 
the numbers rid was announced; see and [T^ . 

For more than a hundred years, tools of algebraic geometry had been the dom- 
inant force behind progress in enumerative algebraic geometry. However, in [Hj, 
Gromov initiated the study of pseudoholomorphic curves in symplectic mani- 
folds and demonstrated their usefulness by obtaining a number of important 
results in symplectic topology. Since then moduli spaces of stable maps, ie of 
the parameterizations of pseudoholomorphic curves, have evolved into a power- 
ful tool in enumerative geometry and have become a central object in algebraic 
geometry. In particular, these moduli spaces lie behind the derivation of the 
recursive formula for the numbers in and [Tlj. The latter work, in fact, 
gives a recursive- formula solution to the natural generalization of Question 
to projective spaces of arbitrary dimension: 

Question B Suppose n >2, d, and N are positive integers, and 

/i = (/ii, . . . ,/iAr) 

Geometry & Topology, Volume 9 (2005) 



Counting' rational curves of arbitrary shape 



573 



is an N -tuple of proper subvarieties of P" in general position such that 

N 



1=1 

What is the number nain) of degree-d rational curves that pass through the 
subvarieties ni, . . . , fiN ? 

Condition is necessary to ensure that the expected answer is finite and 

not clearly zero. For straightforward geometric reasons (the same ones as for 
the linearity property and the divisor equation in [T^ Section 1] ) , it is sufficient 
to solve Question El as weh as other similar questions, for tuples fi of linear 
subspaces of P" of codimension at least two. Thus, the enumerative formulas 
given below are stated and proved only for constraints fi that are points in 
P^ or points and lines in P^. However, analogous formulas hold for arbitrary 
constraints 

Following [S] and |H], moduli spaces of stable maps into algebraic manifolds 
became subjects of much research in algebraic geometry. Algebraic geometers 
usually denote by 9Jto,Ar(P"', d) the stable-map compactification of the space 
S!Jto,Ar(P"', d) of equivalence classes of degree-d holomorphic maps from P^ with 
marked points into P". These spaces are described as algebraic stacks in P]. 
While their cohomology is not entirely understood, it is shown in that the 
intersections of tautological cohomology classes in 9Jlo,Ar(P", d) can be com- 
puted via explicit recursive formulas. These cohomology classes include all 
cohomology classes that arise through natural geometric constructions. As an 
application to enumerative geometry, |T1] expresses the number |5i(/u)[ of Ques- 
tion O in terms of intersections of tautological classes in 9Jlo,Af (P", d) and then 
in terms of the numbers n^. 

Question C If d is a positive integer, what is the number |5i(/x)| of degree-d 
rational curves that have a cusp and pass through a tuple fi of 3d— 2 points in 
general position in P^ ? 

A similar approach to enumerative geometry of plane curves is taken in |15j . 
Using relationships derived in jl5j expresses the "co dimension-one" enu- 
merative numbers of rational plane curves, such as those of Questions OEl in 
terms of intersection numbers of tautological classes in 9Jlo,Ar(P", d) and the 
latter in terms of the numbers n^. 

Question Y) If d is a positive integer, what is the number ||v{^^(/i)| of 
degree-d rational curves that have a triple point and pass through a tuple 
of 3d— 2 points in general position in P^ ? 




(1.1) 
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Question E Ifd is a positive integer, what is the number 2 1'^i (/u) | of degree- 
d rational curves that have a tacnode and pass through a tuple fi of 3d— 2 points 
in general position in ? 

Questions and OiEl can actually be solved using more classical methods 
of algebraic geometry, as is done in \12\ and jl3j . However, the derivations 
in and 1^1 involve fairly complicated algebraic geometry. In contrast, the 
computations in and involve much less algebraic geometry and rely on 
known results, obtained via fairly complicated algebraic geometry elsewhere, 
including PJ, 0, and [HI. 

The method given in this paper can be used in a straightforward, if somewhat 
laborious, manner to express the number of rational curves in a complex pro- 
jective space, that have a /c-fold point, for example, and pass through a set of 
constraints in general position, in terms of intersections of tautological classes 
in the moduli spaces of stable rational maps. In Subsection II. 4[ we describe in 
more detail the scope of the applicability of this method. Its application makes 
practically no use of algebraic geometry. The method itself relies on a number 
of technical results, only some of which are contained in this paper, and the 
rest elsewhere, including fHl 11171 [TH [T7l[TH| . 

The author would like to thank Tomasz Mrowka and Jason Starr for helpful con- 
versations during the preparation of this manuscript and Izzet Coskun, Joachim 
Kock, Ravi Vakil, and the referee for comments on early versions of this paper. 
The author was partially supported by the Clay Mathematics Institute and an 
NSF Postdoctoral Fellowship. Most of this work was completed at MIT. 

1.2 Outline of the method 

The first step in our approach is to describe a subset Z of a moduli space of 
stable rational maps, or of a closely related space, such that the cardinality 
of -Z is a known multiple of the number we are looking for. We would also 
like the subset Z to be the zero set of a reasonably well-behaved section s of 
a bundle V over a reasonably nice submanifold S of the ambient space A4. 
For example, in the case of Question [HI we might take S to be the subset 
of 5Jto,i(IP^) d) consisting of the equivalence classes of maps whose images pass 
through the 3d— 2 points in and take Z to be the subset of S consisting of 
the equivalence classes of maps whose differential vanishes at the marked point. 
Alternatively, we can also allow Z to be the preimage under a reasonably well- 
behaved map h: S — > X oi a, submanifold A of ^. For example, in the case 
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of Question^ we might take S to be the subset of Tlo^s{F'^ , d) consisting of 
the equivalence classes of maps b whose images pass through the 3d— 2 points 
such that evi(6) = ev2(6), where evi and ev2 are the evaluation maps at the 
first and second marked points of TlQ^^iF"^ , d) . We could then take 

Z = {evi X ev3}"^(Ap2xp2) n S, 

where Ap2xp2 denotes the diagonal in p2 X p2 . In the case of Question^ we 
might take the ambient space to be the projectivization of a natural rank-two 
bundle over 9Ko,2(lP^; c?) • However, in practice, we will keep track of the points 
on that get mapped to the constraints, ie there will be marked points labeled 
by the positive integers 1, . . . , A^, where N is the number of constraints. The 
marked points of the domain of a stable map that describe the singularities of 
the image curve will be labeled by 1, 2, etc. 

If 5 is a smooth compact oriented manifold, V — > 5 is a smooth oriented 
vector bundle of the same rank as the dimension of S, and s: S — y is a 
smooth section, which is transverse to the zero set in V , then 

^\j-\0)\ = {e{V),S), (1.2) 

where ^|s~^(0)| is the signed cardinality of the set s~^(0). Equation (|1.2|) 
is valid under more general circumstances. In the cases of interest to us, the 
ambient M is an oriented stratified topological orbifold and 5 is a smooth 
submanifold of the main stratum M. such that S — S is contained in a finite 
union of smooth manifolds of dimension less than the dimension of S . Under 
these assumption, S determines a homology class in A4 . Furthermore, if s is a 
continuous section of V over S and e{V) is the restriction of a cohomology class 
on Ai, then equality (|1.2j) still holds. By (|1.2j) . if s is any continuous section 
of V over S such that s\S is transverse to the zero set and Z = s^^(O) PI 5 is 
a finite set, then 

^\Z\ = {e{V),S)-Cg^{s), (1.3) 

where Cq^{s) is the s -contribution of dS to the euler class of V . In other 
words, Cq^{s) is the signed number of zeros of a small generic perturbation s 
of s that lie near dS . If the behavior of s near dS can be understood, it is 
reasonable to hope that the number Cq^{s) can be computed, at least in terms 
of evaluations of some cohomology classes. On the other hand, in the case of 
Question 10 5 is a tautological class in the appropriate moduli space of stable 
maps. Thus, if e{V) is also a tautological class, {e{V),S) is computable, and 
we are done. Most of the time, however, we will have to describe {e(V),S) 
as the signed cardinality of a subset Z' of a space which is a step closer to 
a tautological class than S and apply equation (|1.3|) with Z' . Eventually, we 
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will end up with intersections of tautological classes in moduli spaces of stable 
rational maps. 

The topological setup of the previous paragraph is only slightly more general 
than that of |171 Section 3]. However, it is not sufficient for our purposes. 
We now present two significant generalizations of this setup. The first is that 
equation ()1.3|1 makes sense even if the section s is defined only over <S and does 
not extend over S — S . In such a case, we can use a cutoff function to define a 
new section s' that vanishes on a neighborhood of 5 — 5 and thus extends to a 
continuous section over S . The term Cq^{s) is then the signed number of zeros 
of a small generic perturbation s of s' that lie near dS . If we can understand 
the behavior of s near dS and choose the cutoff function carefully, it is again 
reasonable to hope that we can determine the number Cg^{s) . 

The second generalization has a very different flavor. Suppose S and Ai are 
as above and ^ is a smooth compact oriented manifold, li h: A4 — > X 
is continuous map such that the restriction of h to every stratum of M is 
smooth, then h\S is a pseudocycle in the sense of |1U| and Jl], ie it determines 
an element of i?*(Af;Z). In particular, if A is an immersed compact oriented 
submanifold of X such that dim S + dim A = dim X , there is a well-defined 
homology-intersection number 

{{{h\sr\^)))^{{h-\^),s)). 

If y is an immersed compact oriented submanifold of X such that 

[y] = [^]eH^{x-'L), h{ds)r\y = %, 

and h is transversal to 3^ on 5, then 

{{{h\s}-\^))) = {{{h\sr\y))) = ^\{h\s}~\y)\. (1.4) 

Alternatively, if is a small perturbation of /i on a neighborhood of 5 in , 

{{{h\S}-\A))) = ^\{9\S}-HA)\. 

Thus, if h: M. — > is a continuous map as above such that h\S is transversal 
to A and Z = {h\S}^'^{/S) is a finite set, 

±|z| = (({/i|5}-i(A)»-C^5(/i,A), (1.5) 

where CQ^{h, A) denotes the {h, A) -contribution to the intersection number 
(A))) , ie the signed cardinality of the subset of ^"-"^(A) nS consisting 
of the points that lie near dS for a small generic perturbation 9 oi h near dS . 
If the image of a stratum Zi of dS under h is disjoint from A, then clearly Zi 
does not contribute to Cg^{h, A) . If /i maps Zi into A , on a neighborhood of Zi 
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we can view h and 9 as vector-bundle sections. Thus, if we can understand 
the behavior of h near S, computing Cg^{h,A) is no different than computing 
Cq^{s) in the topological setup presented first. On the other hand, in the cases 
of interest to us, we will be able to find a submanifold y as in (|1.4j) such that 
^|{/i|5}^-'^(3^)| can be expressed as evaluation of tautological classes on S; see 
Subsection 14.11 for example. If S itself is not a tautological class in a moduli 
space of rational stable maps, we will have to describe ^|{/i|5}~^(3^)| as the 
signed cardinality of a subset Z' of a space which is a step closer to a tautological 
class than S and apply equation H1.3|) or H1.5|) with Z' . Eventually, we will end 
up with intersections of tautological classes on moduli spaces of stable rational 
maps. 

In Subsection 12. 2| we describe our topological assumptions on S, Ai, and the 
behavior of s or /i near dS . These assumptions imply that the sets s~^(0) nS 
and {h\S}^^ {A) are finite. Roughly speaking, we require that dS be contained 
in a finite union of smooth manifolds Zi such that near each Zi the section s or 
the map h can be approximated by a polynomial map between vector bundles 
over Zi . The polynomial map may contain terms of negative degree. Proposi- 
tions I2.18AI and 12.1 SRI of Subsection O give an inductive procedure for com- 
puting the contribution from each space Zi to Cq^{s) or to CQ^{h, A) in good 
cases. The two propositions describe how to set up a finite tree with topological 
intersection numbers assigned to the nodes and with integer weights assigned 
to the edges. The root of the tree is assigned the first term on the right-hand 
side of or l|1.5jl . The number on the left-hand side of (|1.3|) or (|1.5|) is a 

weighted sum of the numbers at the nodes. The weight of the number assigned 
to a node is the product of the weights assigned to the edges between the node 
and the root. 

Remark The method presented in Subsection 12.21 is an improvement over 
that of Section 3 in even for the basic topological setup of the second 
paragraph of this subsection. In particular, its use does not require applications 
of the Implicit Function Theorem (IFT) to describe a neighborhood of dS in S . 
The complexity of applying the IFT increases rapidly with the dimension of 
the boundary strata, as a comparison between |17l Subsection 5.4] and jl91 
Subsection 2.3] suggests. 

In order to apply the topological method of this paper to enumerative problems, 
we use Lemma 13.41 and Proposition 13.51 The former is a rather elementary re- 
sult in complex geometry and implies that various bundle sections over smooth 
strata of moduli spaces of stable rational maps are transverse to the zero set. 
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The latter depends on the exphcit construction of the gluing map in JH] and de- 
scribes the behavior of these bundle sections near the boundary of each stratum. 
In many cases, ProDosition l3.5l combined with Lemma [3.41 implies that natural 
submanifolds S of moduli spaces of stable rational maps, or of closely related 
spaces, that are needed for counting singular rational curves are well-behaved 
near dS and that the behavior near dS of various natural vector-bundle sec- 
tions over S can be approximated by polynomials. 

1.3 Computed examples 

We now describe the main enumerative results derived in this paper using the 
computational method outlined above. These are the enumerations of triple- 
pointed and of tacnodal rational one-component curves in and of rational 
one-component cuspidal curves in P" that pass through a collection of con- 
straints in general position. The reason we choose these examples is that they 
illustrate all aspects of our method and lead to new results. The numerical 
values of some low-degree numbers can be found at the end of the paper. Note 
that our low-degree numbers pass the standard classical checks; see Section |HJ 

We start by giving a formula describing the number of cuspidal curves in P" . 
This is actually the least interesting example of the three mentioned, as it should 
have really been done in 120]. However, the solution to this example is easier 
to state and explain than the answers to the two other primary examples. 

Theorem 1.1 Suppose n > 2, d > 1, N > 0, and ^ = (^i, . . . , /xjv) is an 
N -tuple of proper subvarieties of P" in general position such that 

N 

^ codimc m = d{n + l) - 2 + N. 
1=1 

The number of rational cuspidal degree~d curves that pass through the con- 
straints fj, is given by 

2k<n+2 n+2-2k ^ x 

fc=l «=0 ^ ^ 

We now explain the notation involved in the statement of Theorem 11.11 The 
compact oriented topological manifold Vfc(;u), which in general may be an orb- 
ifold, consists of unordered A: -tuples of stable rational maps of total degree d. 
Each map comes with a special marked point (i, oo). All these marked points 
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are mapped to the same point in P". In particular, there is a well-defined 
evaluation map 

evg: Vfc(/i) ^P" 

which sends each tuple of stable maps to the value at (any) one of the special 
marked points. We also require that the union of the images of the maps in 
each tuple intersect each of the constraints fii, . . . , fiN ■ In fact, the elements 
in the tuple carry a total of N marked points, yi, ■ ■ ■ ,yN , in addition to the 
k special marked points. These marked points are mapped to the constraints 
Hi, . . . , fiN , respectively. Roughly speaking, each element of VA:(ju) corresponds 
to a degree-d rational curve in P", which has at least k irreducible components, 
and k of the components meet at the same point in P". The precise definition 
of the spaces Vfe(^) can be found in Subsection 13.11 

The cohomology classes ag and r/g^ are tautological classes in Vfc(/u). In fact, 

= evici(C'pn(l)). 

Let V'j^{fi) be the oriented topological orbifold defined as Vfc(//) , except without 
specifying the marked points yi, . . . ,yN mapped to the constraints /ii, . . . , /iat. 
Then, there is well-defined forgetful map, 

vTfc: Vfe(^) — > Vfc(/i), 

which drops the marked points yi, ■ ■ ■ ,yN and contracts the unstable compo- 
nents. Let 

be the sum of all degree-Z monomials in 

^{l,oo)> • • • i'0(fe,oo), 

where V'(i,oo) is the first chern class of the universal cotangent line bundle for the 
marked point (i, oo) € P^. Since v'fc(//) is a collection of unordered A; -tuples, 
a priori ^(j^oo) ™ay not be well defined as an element of Vf;{fi). However, it 
is easy to see that every symmetric polynomial in ^/'{i.oo)! • • • > V'(fc,oo) is well 
defined. We put 

In Subsection we give a definition of rji that does not involve the projection 
map vTfc . The algorithm of for computing intersections of tautological classes 
in 9Jto,Ar((i, P") applies, with no change, to computing the intersection numbers 
involved in the statement of Theorem 11.11 

We will call top intersections of tautological classes on 9Jlo,fc(P"', d) and on 
closely related spaces, such as Vfc(^) and projectivizations of natural vector 
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bundles over Vfc(^), level numbers. All such numbers can be computed using 
the algorithm of Counts of rational curves with s basic singularity con- 
ditions will be called level s numbers. Every level s number, with s > 0, can 
be written in the form or p.5|) such that the middle term is a level (s— 1) 
number. For example, the number \Si{^)\ of Theorem ll.ll is a level 1 number. 

Counts of rational curves with a triple point or a tacnode are level 2 numbers. 
Indeed, the sets of such curves are subsets of the space of one-component ra- 
tional curves with a node. Counts of such curves are level 1 numbers, since the 
next level down are the rational curves that pass through the given constraints; 
see the first paragraph of Subsection 11.21 Thus, the first two theorems below 
express level 2 numbers in terms of level 1 numbers. After stating them, we 
give some clarification on the notation involved and then state several lemmas 
that express the relevant level 1 numbers in terms of level numbers. 

Theorem 1.2 Let d, p, and q be nonnegative integers such that 2p + q = 
4(1 — 3. The number of rational one-component degree-d curves that have a 
triple point and pass through a tuple fi of p points and q lines in general 
position in is g|V^^^(/i)|, where 

\V?\l^)\ = \W\p + H^)\ + {%Mi\p + H')) + (l6ao + 8r/g_i,5i(M)> 

+ 2\vi'\f,)\ - ((12 - d)a| + 8a-,rro,i + 2/^^ ^, vS'^(^)> - 2|52(m)|. 

Theorem 1.3 Let d, p, and q be nonnegative integers such that 2p+q = 
4d— 3. The number of rational one-component degree~d curves that have a 
tacnodal point and pass through a tuple p. of p points and q lines in general 
position in ¥^ is ^\S^\p)\, where 

-(20ao + 19r/5„5i(/i))-2|vf^(/i)|. 

We define the spaces 

vl^V) as follows. Let vj^\p) be the space of -tuples 
of stable maps as in the construction of the space Vfc(/u), but with the fol- 
lowing exceptions. Every element of each A; -tuple lies in the main stratum of 
the appropriate moduli space of stable maps, ie the domain of the map is . 
Furthermore, one of the elements of each /c -tuple b carries a special marked 
point, labeled by 1, and the value of the map at this point is evQ(6). In the 
space v!^'^\p) each of the two components carries a special marked point, one 
of which is labeled by 1 and the other by 2. Furthermore, ev^(6) = ev2(6) for 
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all 2-tuples 6 in V2 ' (/^)- The spaces (/u) and V2 ' (/x) are the closures 
of the spaces vj^\fi) and V2^'^\^) in the unions of the appropriate products 
of moduli spaces of stable rational maps. We denote by S*{^) the subspace of 
V*(/x) consisting of tuples of maps with the simplest possible additional natu- 
ral singularity. For example, the differential of every element of Si (/i) vanishes 
at (1,00). The set 52(/^) is described in detail by Lemma fl.5l Figure de- 
picts the images of typical elements of these spaces as well as of ^^^l^'l^ifJ-) , 
which appears in a relationship between level 1 numbers; see the remark fol- 
lowing the proof of Lemma 15.81 We give formal definitions of all these spaces 
in Subsections EH 1131 and EH Finally, fi + H'' denotes the {N + 1) -tuple 
of constrains (;Ui, . . . , /Ujv, H^') , where is a generic linear subspace of of 
complex dimension r. 

Y X 4^ V 

Si S2 ^1 ^2 ^2 '^2,(0,1) 

Figure 1 : Images of typical elements of 5* and V* 

Lemma 1.4 Suppose d, p, and q are nonnegative integers such that 2p+q = 
Ad— 3 and fi is a tuple of p points and q hnes in general position in . TJie 
number of rational connected two-component degree-d curves that pass through 
the constraints /i and such that one of the components of each curve has a 
node and the other component is attached at the node of the first component 
as depicted in Figure^ is ^\V2^\^)\, where 

\vi^\f^)\ = |V2(^ + H'>)\ + (oq, V2(/i + H^)) + S\Vs{^i)\ 

-((12 - d)al + 4aor/g ^ + 27?g 3 - r?|^^, V2(/i)>. 

Lemma 1.5 Suppose d, p, and q are nonnegative integers such that 2p+q = 
4d— 3 and fi is a tuple of p points and q lines in general position in P'^ . TJie 
number of rational connected two-component degree-d curves that pass through 
the constraints /i and iiave a tacnodal point is given by 

\S2{fi)\ = (6a| +4ag7?g 1 + r/6,2'^2(;u)> - 3|V3(/i)|. 

Lemma 1.6 Suppose d, p, and q are nonnegative integer such that 2p + q = 
4d — 3 and /i is a tuple of p points and q lines in general position in P^ . 
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(1) The number of rational connected two-component degree-d curves, with 
the components arranged in a circle as in Figure QJ that pass through the 
constraints fi and have one of the nodes on a generic hyperplane is given by 

^(ag, V^'^(/i)> = (ag, V2(/i + {H' : H^})) - (4a| + agr/g V2(m)>. 

(2) Furthermore, 

Lemma 1.7 Suppose d, p, and q are nonnegative integers such that 2p-\-q = 
4d — 3 and p. is a tuple of p points and q lines in general position in . 

(1) The number of rational degree-d curves that pass through the constraints 
p and have a cusp on a generic hyperplane is given by 

(ag,5i(/i)) = (6a|r/g^^ +4a|??|_^ + agr?|_^, Vi(m)> - (4a| + ogrTg ^ V2(/i)>. 

(2) Furthermore, 

(?7g,,5i(M)) = (4a|r/g_^ +6a|r/|^^ +4ag7?|^ +r/|^^,Vi(/i)> - |V3(/i)|. 

Lemma 1.8 Suppose d, p, and q are nonnegative integers and p is a tuple 
of p points and q lines in general position in . 

(1) If 2p + q = 4:d — 1 , the number of rational one-component degree-d curves 
that pass through the constraints p and have a node is \\v[^\fi) \ , where 

\v['\p)\ = {{2d - 6)a| - 4agr?g_i - Vi(/i)> + |V2(^)|. 

(2) If2p + q = Ad — 2, the number of rational one-component degree-d curves 
that pass through the constraints fi and have a node on a generic hyperplane 

is \ (agi 1^1^'' (/")) I where 

(ag, v!'^(/x)) = ((2d - 6)a| - 4a§r^ ^ - agr/g^ ^, Vi(/x)> 

+ (af,Vi(/i + Fi)) + (ag,V2(^)>. 

(3a) If 2p + q = 4(i — 3, the number of rational one-component degree-d 
curves that pass through the constraints p and have a node on a generic line 
is ^(og, ■*(/«)) , where 

(a|, ^(^)) = 2(a|, Vi(^ + H^)) - (44r/g ^ + a|r/|^^, Vi(m)> + (a|, V2(/i)>. 
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(3b) Furthermore, 

+ d(a5r/g_^, Vi(/i)> - (4a| + aQT/g V2(/i)> 
(<i,vf^(/")> = (^'i,Vi(M + //0)> + (a^??g2^,Vi(/i + i7i)> 

+ (44^,1 + d ■ 4r^^^,Vi{fi)) - |V3(/i)|. 

Every term on the right-hand side of each expression in Lemmas I1.4H1.8I is a 
level number, ie it is a top intersection of tautological classes in a product 
of moduli spaces of stable maps and thus is computable via the explicit for- 
mulas of We define the space V2(^ + {H^ : H'^}) in the same way as 
V2{ij-+H^+H'^) , with the only exception that we require Hi and H2 to lie on 
different elements of the tuple b. 

Remark If one were to derive a completely general recursive formula for count- 
ing rational curves with singularities, no separate formula would be necessary 
for generalizations of Lemma 1 1.61 part (2), Lemma ll . 71 part (2), and Lemma ll.8l 
part (3b) . Using jjlj , one can express all classes r/* ^ on products of moduli 
spaces of stable rational maps in terms of subspaces of possibly other products 
of moduli spaces of stable rational maps that consist of stable maps sending 
their marked points to various constraints in P". In many cases, using Propo- 
sition 13.51 one can thus express evaluations of the classes ??* ^ on a space S of 
maps that represent curves with certain singularities in terms of the numbers 
of singular curves that pass through various constraints. Furthermore, the level 
of the latter numbers will be no higher than that of S . 

We prove Theorems 11.21 and 11.31 in Sections 0] and El In particular, we describe 
the structure of the spaces (p) and V^2 '^ ™ Subsection 14. 21 and conclude 
that they define a homology class in a compact oriented stratified topological 
orbifold. Since 5i(^) is shown to be an oriented topological manifold in jl71 
Subsection 5.4], it follows that all the terms on the right-hand side of the formu- 
las in the two propositions are well-defined. In Subsections l4.1l and l5.11 we write 
v[^\fj,) and s[^\fi) in the form (|1.5() and H1.3() . respectively, and express the 
first term on the right-hand side in terms of evaluations of tautological classes 
on v[^^(^) and on related spaces. Lemmas 11.51 and II . 71 are proved in The 
first statement of Lemma ll.Hl is a special case of |2()| Theorem 1.1]. The remain- 
ing statements of Lemma 11.81 and Lemmas 11.41 and 11.61 are proved in Section [Bl 
In Subsections l7.ll and l7.2L we show that our method recovers the formulas of [H] 
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and jl5j solving Questions El and El which are the analogues of the problems 
addressed by Theorems 11.21 and 11.31 We conclude by proving Theorem 11.11 in 
Subsection 17.31 where we construct a tree of contributions and thus illustrate a 
point made at the end of Subsection 11.21 

1.4 General remarks 

Given the claims made in the abstract and at the end of Subsection 11.11 the 
reader may wonder why this paper is so long, why the notation is so involved, 
and why a more general case is not done. Doing a more general case, instead 
of the examples we work out, may in fact shorten this paper. However, the 
additional notation needed to describe a general case is likely to completely 
obscure the computational method presented here. 

The topological part of our method consists of Propositions I2.18AI and I2.18BI 
The somewhat involved notation of Subsection l2.21 formallv states what it means 
to take the leading term(s) of a section along the normal direction to a submani- 
fold. Prop osition 13 . 51 gives power-series expansions for all relevant vector-bundle 
sections near all boundary strata of moduli spaces of stable rational maps. De- 
scribing the terms involved in the power-series expansions requires quite a bit 
of notation. However, as we will see in later sections, very few boundary strata 
actually matter in our computations, and the expansions of Proposition 13.51 
corresponding to such strata are rather simple. In practice, it is best to draw 
a tree of these simple strata along with all the relevant topological data; then 
deriving formulas such as those of Theorems 11.21 and 11.31 becomes a nearly- 
mechanical task. 

The sections and linear maps between vector bundles that we introduce in Sub- 
section 13.21 are described in an analytic way. Nevertheless, it is likely that 
the numbers of zeros of these and related linear maps have an algebraic in- 
terpretation, and that the same is true of our entire computational approach. 
Furthermore, there seem to be some general properties that remain to be ex- 
plored. For example, finding any difference between our formulas for in 
Theorem 1 1 . 1 1 and for the genus-one correction term CRi{^) in j2Ul Theorem 1.1] 
requires a rather careful comparison of the two. One may also notice some sim- 
ilarity between the expressions for various level 1 numbers in Lemmas 11. 4H1.8I 
A topological property of the number of zeros of an affine map in a simple case 
is described in ^| Corollary 4.7]. 

We conclude this introductory section by describing some classes of enumerative 
problems definitely and likely solvable by the method described in this paper. 



Qeometry & Topology, Volume 9 (2005) 



Counting' rational curves of arbitrary shape 



585 



Suppose C is a one-component curve in , or in another algebraic manifold M . 
Let u: C — > C be a normalization of C, ie C is a smooth connected complex 
curve and u: C — > M is a holomorphic map such that the image of u is C 
and u is one-to-one outside of a finite set of points of C. If p is a point in C, 
let au{p) be the nonnegative integer such that the first (7u{p) derivatives of u 
at p vanish, but the derivative of order (T„(p) + 1 does not vanish at p. For 
example, if au{p} = 0, 7^ 0, ie p is a smooth point of the branch of the 
curve C corresponding to p. If auip) = I , 

du\p = 0, but V^~\ = Vdu\p / 0, 

where D denotes the covariant differentiation with respect to some connection 
in TM . In other words, the branch of the curve C at p corresponding to p has 
a cusp at p. If p is a point of C, we denote by cTo(p) the set of branches of C 
at p; in particular, |a"o(p)[ = \u^^{p)\. For each i S (To(p), let cr{p;i) = au{pi) 
if Pi is the point in C such that u maps a small neighborhood of pi into the 
branch i at p. Let cTo(p) = lJ'^o,fc(p) be the partition such that 

11 ^ i,jGfTo,fc(p) for some k. 

For example, if (To(p) = o-o,i(p) = {pi,P2} and a{p; 1) = o"(p;2) = 0, the curve 
C has a tacnode at p. We take 

2ip) = (cro(p),{o-o,fc(p)},{cr(p;^)})- 

The infinite set {g_{p) : p € C} describes the singularities of the curve C. 
However, for all but finitely many points p in C, cro(p) = {1} is a single-element 
set and fT(p; i) = 0. Thus, we say that the curve C has the set of singularities 

{a{a) : a = I, . . . ,N}, where = ((To(a), {(To,fc(a)}, «)}) > 

if there are distinct points pi, . . . ,pAr of C such that for all a and some iden- 
tification of ao{a) with the set of branches of C at pa, Qi{a) = gjj)a). The 
method of this paper can be used to determine the number of one-component 
rational curves in a projective space that have any one-element set of singu- 
larities of the form { (a, {a}, {<t(z)}) } . In other words, the curves are to have 
one I o" I -fold singular point and the branches of the curves are to have cusps 
of the orders {o"(i)}. In particular, we are not imposing any tacnodal kind 
of condition. The singular point of the curves may be required to fall on a 
subvariety. 

Some types of singularities that cause problems for this method are the flex, 
two nodes, two cusps, and the tacnode. The reason is that the expansions of 
bundle sections given in Propositions are not sufficiently fine in the cases 
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when the boundary stratum involves curves of very low, but positive, degree. 
For example, one of the strata of the space of one-component degree-d rational 
curves with one marked point yi consists of two-component curves, one of 
which has degree one and carries the marked point yi . Every element of this 
stratum has a flex at yi, ie is a zero of a certain bundle section s. However, 
Proposition 13.51 does not give a sufficiently fine description of the behavior of s 
near this stratum. On the other hand, a simple dimension-counting argument 
shows that such a boundary stratum cannot occur if the dimension n of the 
projective space is two. If we would like to count one-component curves that 
have two cusps, or two nodes, or a tacnode, the problem stratum is the one 
consisting of two-component curves, one of which is a double line and carries 
two marked points. Again, a dimension-counting argument shows that this 
boundary stratum does not occur unless n is at least 6, 4, or 5, respectively. 
Indeed, among the examples worked out in this paper are the enumerations of 
tacnodal rational curves in and P^. 

Many types of curves with multiple components and with first-order tangency 
conditions to disjoint subvarieties can be counted as well. In fact, as the results 
described in Subsection 11.31 indicate, counting one-component singular curves 
involves counting multiple-components curves with simpler singularities. We 
plan to elaborate more on what types of curves can be counted and why in 
a later paper. Finally, due to the explicit nature of the gluing maps used, it 
should be possible to sharpen the expansions of Propositions 13.51 along the few 
problem strata that appear in more general cases. If so, every enumerative 
problem, in the sense described above, will be solvable. 

Remark This paper concerns counting curves in P", but our method may 
apply to counting curves with singularities in some other Kahler manifolds 
as well. Our aim is to express curve counts in terms of top intersections of 
tautological classes on moduli spaces of stable rational maps. Thus, in order to 
obtain actual numbers we make use of: 

Fact Top intersections of tautological classes on 9Jlo,fc(IP") d) are computable. 
It is essential for the method itself that the moduli spaces Tlo,k{^^, d) have the 
expected structure. This is due to 

Fact 1 If u: P^ — > P" is a holomorphic map, then 

H\¥^-u*T¥'' Opi{-l)) = 0. 

In order for our method to apply to a Kahler manifold M , Fact 1 needs to hold 
with P" replaced by M for maps up to the relevant "degree", ie the homology 
class of the curves to be counted. Additional positivity conditions, dependent 
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on the type of singularities involved, need to be satisfied as well. For example, 
in order to count curves with a cusp in P" , we rely on 



Theorem 1 1.1 1 is valid with P" replaced by M as long as Facts 1 and 2 hold with 
P"" replaced by M for maps of degree up d. 

2 Topology 

2.1 Monomials maps 

This section contains details of the topological aspects of the computational 
approach of this paper. We describe the setting in the next subsection and 
state and justify the reductive method for computing boundary contributions 
in Subsection 12.31 The present subsection collects a few basic facts that are 
used elsewhere in this section. The key statements here are Definition 12. II and 
Propositions lOXl and lOEl 

We denote by the set of nonnegative reals. Let /? : — > [0, 1] be a 
smooth cutoff function such that 



If 5 > 0, let /35 G C°°(M"^;M) be given by (3s{t) = l3{6-h). We also denote by 
Ps the natural extension of Ps to C" : 



where \z\ = y^jziP + ... + |z„|2 if z = G C". We write 5^(0, C") 

for the open ball of radius 5 about in C". Let Yn be the union of the n 
codimension-one coordinate subspaces C'^ x {0} x in C". 

Definition 2.1 Suppose m and n are positive integers and A = {a)ij is an 
m X n integer matrix. Then: 

(1) A function p: C" — Yn — > C™" — Y^ is a degree- A monomials map if 



Fact 2 If u: P- 



P" is a nonconstant holomorphic map, then 



if^(P^'u*TP"® Opi(-2)) = 0. 




and P'{t) > if t E (1,2). 



Psiz) = ps{\z\) 




for all (zi, . . . 



Zn} ^ ^ Yfi . 
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(2) A degree-^ monomials map p is nondegenerate if rkp = rk^ = m. 

(3) If m = n, a nondegenerate degree- >1 monomials map p is positive (or 
negative) if all components of the vector ^"^1 are positive (or negative). 

(4) If m = n, a nondegenerate degree-^ monomials map p is neutral if it is 
neither positive nor negative. 

In (3) above, 1 denotes the column vector of length n consisting of all ones. If 
m = n , let det p denote the determinant of the square matrix A . 

Definition 2.2 Suppose n is a positive integer, ^ is an n x n nondegenerate 
integer matrix, and Ai and A2 are row vectors of length n . Let p, pi, and p2 
be monomials maps of degrees A, Ai, and A2, respectively. 

(1) If /9 is a positive monomials map, pi >p p2 if AiA~^l < A2A^^1. 

(2) If p is a negative monomials map, pi >p p2 if ^i^^^l > A2A^^1. 

Remark The notions of nondegenerate, positive, negative, and neutral of Def- 
inition 12.11 are invariant under every reordering of coordinates on the domain 
and/or the target space. The same is true of the partial-order relation intro- 
duced by Definition 12.21 We describe geometric consequences of these proper- 
ties below. 

Proposition 2.3A If p: C^—Yn — > C"— Y^, is a degree- A neutral monomials 
map and /C is a compact subset of — Yn, there exists 5* = 6*{A,IC) € 
such that 

{Bs* (0, c") - y„) n p-i(M+ • /c) = 0. 

Proposition 2.3B Suppose p: C" — y„ — > C" — Yn is a degree- A positive 
(or negative) monomials map and JC is a precompact open subset of — Yn- 
Then: 

(1) The set p-'^{R+ ■ IC) is closed in C" - {0} . 

(2) For every 5* G M+ , 5 G (0, (^*) , and 5+ G {5^/^, 00) , there exists 

e = e{A,6*,6,6+,IC) G M+ 
such that for all t G (0, e) , the map 

t-'Psp: (B25.i/2(o,c") - y„) n {t-^Pspr\ic) IC 
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is a smooth covering projection of oriented order \ det p\ (—\ det p\). Further- 
more, 

(i?25,i/2(0,C") - Yn) n {t~'Pspy\lC) C i35+(0,C"). 

(3) If Pi and p2 are monomials maps of degrees Ai and A2 such that pi >p p2 , 
for every e G M+, there exists 6 = 6{A,Ai,A2,e) such that \p2{z_)\ < 
for all z G (^^(O, C") - y„) fl p-^{R+ ■ K) . 

The rest of this subsection is devoted to proving these propositions. Note that 

det^p|(,,,...,,„) = {deip)z^^-\..zt-\ (2.1) 

where Aj = j . Thus, Im p contains an open subset of C" if (and 

only if) p is nondegenerate in the sense of (2) of Definition 12.11 Since p is 
a rational function in complex variables, it follows that Im p is a dense open 
subset of C" if p is nondegenerate. Since p is given by monomials, Imp is in 
fact all of C" - y„ . Thus 

p: -Yn^C -Yn 

is a local diffeomorphism. By Lemma l2.8( this map is in fact a covering projec- 
tion of order | det p\ . 

Remark The proof of Lemma 12.81 does not rely on Lemmas I2.4H2.6I or Corol- 
lary 12.71 We postpone its proof until the very end of this subsection in order 
to focus on the main aspects of the proof of Propositions 12.3X1 and I2.3BI 

Denote by Yn the union of all the n codimension-one coordinate subspaces 
M'^ X {0} X W'-'^-^ in M". Let Y* = n 5""-^ We identify C" - Yn with 

M+ X (5"-i - Y*) X {S^T 

by the map 

C-Yn — > M+ X (S"~i - Y*) X (5^)", 

Z = {zi,...,Zn) I > [\z\, , -]]. 

V \z\ ^\zi\ \Zn\' ) 

With respect to this decomposition, 

p{r,ip,e) = {f{r,ip),g{r,ip),h{e)), 
where {f{r),g{L)) = p{l) £ 1^" ^-nd 

h{e'^\...,e'^-) =p(e*^\...,e^^") G (5^)" C C". 
Proposition I2.3A1 follows immediately from: 
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Lemma 2.4 If p is a neutral monomials map, for every compact subset K, of 
gn-i _ Y* ^ there exists 6 eR+ such that for all r G (0, S) , {g{r, ■)}-^ (/C) = . 

Proof We use the variables si, . . . , Sn to denote the standard Euclidean co- 
ordinates on the target space M", as well as the corresponding component 
functions of (/, g) . Let 

f 02,1 — Oi^i . . . a2,n — ai,n 

"4= ; : 

\ ffln,! — ■ ■ ■ 0,n,n — ai,n 

It is sufficient to show that, for some i = 2, . . . , n, 

Si{r) 



' ~, : Irl < r > = or liminf \- , , 
, si{r) J r^o Vsi{r) 

This condition is equivalent to 

n 

limsup<^ ± y~^(ajj— aij)tj : tj E ( — oo,t) > - 



r < r > = oo. 



(2.2) 



-oo 

ai j — aij > for all j = 1, . . . , n 
or aij — aij < for all j = 1, . . . , n. 

Note that the two lines above are equivalent because A is assumed to be nonde- 
generate. If (|2.2jl is not satisfied by any i = 2, . . . ,n, for every nonzero vector 
X € there exists a vector c G M" such that 

x*Ac > and ci, . . . , c„ > 0. 

This means that the image of A* contains no nonzero vector with all components 
of the same sign. Thus 

there exists (xi, . . . , x„) in ker A — {0} such that xi, . . . , > 0. (2.3) 

Let A-j be the matrix obtained from A by removing the jth column. Since p 

is nondegenerate, det Aj for some j . Then, by Cramer's Rule, 

{-ly+r-^detAq, {-ly'detAq, 
Xjf = — (-Xj) = ■ J- Xj for all /. (2.4) 



detA-. {-lydetAj 



Since p is neutral. 



{-ly'detA^, 



(-l)idet^j 
for some j' . Thus 1)2. 4(1 contradicts (|2.3() . 



^ < 
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Lemma 2.5 If p is a positive or negative monomials map, then for every 
r € M+ , the map 

g{r, .) : 5"-^ - ?: S^-' - given by 9 ^ g(r, 9), 

is a local diffeomorphism. 

Proof We assume that n > 2; otherwise, there is nothing to prove. Suppose 
g{r, •) is not a local diffeomorphism at r = (ri, . . . , r„) G M" — Yn. Then, there 
exists c G M" - {0} such that 

n n 

VjCj = and (ajj — ai,j)'"j~^Cj = for alii = 2, . . . , n. (2-5) 

3=1 3=1 

The first equation above is equivalent to the condition c € T^5"~^ . The second 
equation means that the ratio of the ith and the first Euclidean components 
of the function {f,g) does not change in the direction of c at r. The n condi- 
tions (|2.5|) are equivalent to A^^^(^r^)c' = € M", where: 

/ ... rl \ 

\ On,! — • • • fln.n — 0-l,n ) 

This equation has a nonzero solution only if det^(^^(r^) = 0. However, 

n 

detyt«(r2) = J7(-iy-i(det A.)r2. 

3=1 

Since p is positive or negative, all the elements of the set {(— 1)-'"^ det^j} 
have the same sign. Thus, det J^^^ (r^) does not vanish on — {0} . It follows 
that the differential of g{r,-) is an isomorphism everywhere on 5""^ ■ ^ 

Let Y* = y„ n c C". We identify C" - Y^ with M+ x (^^"-i - Y*) and 

denote by 

{J,g) : m+ X - Y*) — >m+ x (^^^-^ - Y*) 

the pair of maps corresponding to p. 

Lemma 2.6 If p is a positive (or negative) monomials map, then for every 
r G , the map 

g^r,-): S^^-'-Y:^S'^-'-Y: 

is a local orientation-preserving (or orientation-reversing) diffeomorphism, and 
is a covering projection of oriented order \ det p\ (or — \ det p\). 
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Proof To prove the first claim, we assume that p is a positive monomials map; 
the negative case is proved similarly. By Lemma 12.51 and the decomposition 
g = {g, h) , it follows that g{r, •) is a local diffeomorphism. Since p is orientation- 
preserving everywhere, g{r, •) is orientation-preserving at (r, 6) if 

({°''Im,}-'(|).(J^))>»- (-) 

Let c G R*^ be given by Ac = I eW. Then 

d d 

p{f^zi,...,f"zn) =tp{zi,...,Zn) and -^^Pi^) = Q^- (2-7) 



(t^izi,...,i^"2„)| >0. (2.8) 



Since p is positive, ci, . . . , G and thus 

d_ 
di 

The desired inequality 1)2. 6(1 is immediate from 1)2. 7() and 1)2. 8() . The remaining 
claim follows from Lemma 12.81 and (|2.7() . since the curves 

t\ — > (t^^ zi, . . . ,t^" Zn) and ti — > (tt^i, . . . , , for t G (0, oo), 

with {zi, . . . , Zn) and (wi, . . . , Wn) G S^""-*^ , foliate C" — Yn and intersect each 
(2n — 1) -sphere r = const exactly once. □ 



Remark The first claim of Pr op osition 12 . 3B] now follows from Lemma [2. 8( the 
first identity in ()2.7|) . and the assumptions that all the exponents Cj have the 
same sign. 



Corollary 2.7 Suppose p is a positive (or negative) monomials map, 6* G , 
5 G (0, (5*) , and K, is a precompact open subset of C" — Y^. Then, there exists 
e G M+ such that for aU t G (0, e) , the map 

t-^Psp: {B^s'MOXn - Yn) n {t-^PsPr\lC) K, 
is a smooth covering projection of oriented order \ det p\ (— \ det p\). 



Proof We prove this corollary in the case p is negative. If p is positive, a 
stronger claim can be obtained by a similar and somewhat simpler argument. 
With notation as above, (3sP corresponds to the pair {(3sf,g) with respect to 



the splitting of - Yn 



X (S' 



2n-l 



Y:). Thus 



det DiPsp)\^,^g)=P5{r) det Dp\^^^g^+/3's{r)f{r,9) det f-| 



ir,e) 



(2. 
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Let /C C 5^"^^ — Y* be the image of /C under the projection map onto the 
second component. Since the closure of /C in C" — 1^ is compact, Lemma 07 
implies that the set 

U {9{rr)r\)C) 

5l/2<r<25*l/2 

has compact closure in 5^""^ — Y* . Thus, there exists C > such that 



detZ)p|(^,) <C and /(r,0)det(^ 



(r,e) 



for all {r,9) £ ((5^/^, 2(^*^/^) x U. The second bound is obtained by using 
Lemma 12.61 Choose r] > such that 

p'sir) > 2C^ps{r) for all r G {6^^^ ,5^^^ + rj) . (2.10) 
Note that combining (|2.9|) - (|2.1()|) . we obtain 

detD{psp)\^,,^<0 (2.11) 
for all {r,e) e (5^/2^^1/2 + ^) x [7. Let e > be such that 

e-ma.x{\w\ -.w e JC} < ^mm{Ps{\z\)\p{z)\ :zG {6^^^ + ^r],26*^/^) xU}. 

(2.12) 

We claim that e satisfies the required properties. Suppose that t < e, that 
z = {r,e) G 525,i/2(0,C"), and that {t-^(3sp}{z) € K.. Then 

re {6^/^,26*^/^) ^9 e {g{r,-)y\]C) CU. 

Assumption 1)2. 12() on e then implies that {r,6) G (J-*^/^, (^-"^/^ + ^77) x U. From 
1)2. 11(1 . we conclude that the determinant of the derivative of t~^(3sP at z is 
negative and the map 

t-'Psp: (i325.i/2(0,C") -^n) n {t-^PsPr\lC) K, 

is a local orientation-reversing diffeomorphism. It remains to see that for each 
point (s, ■!?) G /C, 

|{(r,0) G (5^/2,51/2+1^) X c7:/35(r)7(r,0) =ts,5(r,^) =79}| = jdetpj. 
By Lemma I2. 61 there are smooth paths 

Oi-. [(51/2,5^/2 + Ir?] — > for i = l,...,|detp| 

such that 

{g{r,-)Y\^) = {ei{r):i = l,...,\d^^p\] and 0,(r) / ^.(r) 
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for all r G [d^/^, J^/^ + ^t]] and i^j. By dTTTl) and (ITT^ . 

and ^{/357}(r-,ei(r)) > for all r £ {6^/'^,S^/^ + ^rj). 

Thus, for each i = 1, . . . , \ det p\ , there exists a unique number 

ri G (51/2^51/2 ^ 1^) g^^i^ ^^^^ {Psf}{ri,0^in)) = ts, 

as required. □ 

Corollary 12.71 essentially concludes the proof of part (2) of Proposition I2.3BI 
The claimed inclusion is achieved if, in the proof of Corollary 12.71 r] is chosen 
so that (5^/^ + ri < 6+. 

We next prove part (3) of ProDosition l2.3Bl Suppose ^ is a positive monomials 
map and JC = p^^(/C). Since /C is a compact subset of C" — Yn, there exists 
r > such that Br{0, C") n £ = 0. On the other hand, by Lemma IZ^Sl and the 
first identity in ^1^, if t G M+ and p{z) G t • /C, 

{zi, . . . ,Zn) = {f'^wi, . . . ,t''"'Wn) for some (wi, . . . ,Wn) £ p~^{K) 

=^ \z\ > t^'^'^'r. 



Thus, if \z\ < 5, 



pi{w) 



— ^ J 



Since A2 • c > Ai ■ c and mincj > 0, the right-hand side above tends to zero 
with 6. If /) is negative, the proof is similar. 

Lemma 2.8 If p: C" — Yn — > C"' — Yn is a nondegenerate monomials map, 
p is a covering projection of order \ det p\ . 

Proof By ()2.1|) . we only need to compute the order of the cover. We can view 
/? as a rational map from (P-"^)^ to (P^)^. In turn, this rational map induces a 
holomorphic map p: M — > (P^)^, where M is a compact complex manifold 
obtained from (P^)^ by a sequence of blowups along submanifolds disjoint from 
C" - y„ . Then 



*^ (2.13) 



ordp= A... Aw„),[M]> = l_p*{uJiA...AuJn) 

p*{uJlA . .. A OJn) 
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where is the Fubini-Study symplectic form on the i th -factor of the target 
space. Since iOi = see |4, p31], by 

p* (wi A . . . A UJn) 

- I det P f M '^1^^'^ ■ ■ ■ dziAdziA ...A dz^ A dzn (2-14) 

Combining ()2.13|) and ()2.14|) and switching to polar coordinates, we obtain 

ord/9 = 2" detpp / ... / 2- i ^ — ^ . 

Jo Jo (l + ri''^-\..r^"^'")2...(l+rf"'\..r^"'")2 

(2.15) 

The change of variables, 

/ \ Z 2ai 1 2ai ,j 2a„ 1 2a„ „\ 

reduces (|2.15p to 

A lA . I r dn... drn 

ord p = I det p\ 



as claimed. 



■■■Jo (l + ri)2...(l+r„)2 



2.2 Topological setup 

In this subsection, we give formal definitions of the topological objects to which 
the computational method described in the next subsection applies. 

We start by extending the concept of monomials maps to vector bundles. All 
vector bundles we encounter will be assumed to be complex and normed. Vector 
bundles over smooth manifolds will in addition be smooth. Given a vector 
bundle F — > X and any map 5 : X — > M , put 

Fs = {{b-v) (^F ■.\v\b<5{h)]. 

li F = Fi is the direct sum of nontrivial subbundles and Iq C I , let 

YiF;Io)=lj{ © F,)cF 
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Definition 2.9 Suppose Iq, I, and J are finite sets, and A = {dij) is an 
integer- valued function on (/q U /) x [Iq U J) sucli that for all j (z Iq, a^j = 
a i ^ j and ajj = 1 if i = j . 

(1) Suppose Fj — > is a vector bundle for each j G Iq and a line bundle 
for each j £ J , 

F = F,-, F^ = (g) if for all ie^Ul, and F = F-- 
A function p: F — Y{F; J) — > F is a degree- A monomials map on F if 



J 

jeiouj 

for all (uj)je/oUJ € F — y(F; J) and i € Iq U I, where tt^ : F — > Fj is the 
projection map. 

(2) Suppose p is as in (1), Fj — >■ ^A is a, vector bundle for each i £ I , 
F = 0Fi, and E = ^Ei^F,. 

i&I iel 

A function 

p: E®F- Y{E e F; J) — >E 
is a degree- A monomials map on F F if 

vrj/o((wi)i6/, ('y)iG/oUj) = -Wj "X) vrip(t;) 
for ah {{wi)i(zj, {v)j(zj„uj) € E®F - Y{E F; J) and i e /. 

A monomials map between vector bundles in the sense of Definition 12. 91 part (1) 
can be viewed as a pair of bundle maps 

Pi,J- Fj = 0F, Fj = 0F; and pj,: Fj ^ 0^i- 

The vector bundles Fj and Fj are sums of line bundles and the restriction of the 
bundle map pj^j to each fiber is a monomials map in the sense of Definition 12. II 
The degree of this map is ^|/ x J. The bundle map pj^ has Iq components, 
indexed by i G I: 

TT^p: F,®Fj -^F, = F,0(g) Ff"'', given by {v^, (f^O^gj) ^ Vi^l^ Vj. 

A monomials map in the sense of Definition 12.91 part (2) is equivalent to a 
monomials map in the sense of Definition 12.91 part (1) with A being a function 
on (/ U 0) X (/ U J) . 
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If p and p are as in Definition 12.91 part (2), and i E / , we put 

Fi{p) = F, and pi{v) = ^ip{v) Fi{p) ioi a\\ v £ F -Y{F- J). 

If p is as in Definition l2.9l part (1), we call p nondegenerate if the restriction of p 
to a fiber of F is nondegenerate in the sense of Definition for some choice of 
identifications of the sets IqUI and IqUJ with the sets of integers 1, . . . , |IoLJ/| 
and 1, . . . , |Io U J| . If p is nondegenerate and |/| = \J\, we call p positive (or 
negative, or neutral) if the restriction of p to a fiber of F is positive (or negative, 
or neutral). Similarly, suppose p is a positive or negative monomials map, Ii 
and I2 are one-element sets, and Ai and A2 are integer-valued functions on 

h X (Jo U J) and I2 x (/q U J), 

respectively. If /?i and p2 are monomials maps of degrees ^1 and A2 , respec- 
tively, we write pi >p P2 if this relation holds for the restriction to a fiber; 
see Definition 12.21 Due to the remark following this definition, the notions of 
nondegenerate, positive, negative, and neutral depend only on A; the partial 
ordering relation depends only on A, Ai, and A2 ■ 

If F is any (normed) vector bundle and 6 € M"*" , we define the function l3s on 
F by: 

Ps: F ^[0,1]CR, /3s{v) = Ps{\v\). 

If p is a positive or negative monomials map between vector bundle and t € , 
we denote by degp the oriented degree of the map t~^/3sP given by Proposi- 
tion EjSBl 

The next two definitions characterize the topological spaces with which we work. 
Ms-orbifolds, as described by Definition I2.1fl( include spaces of stable maps. 
Examples of pseudovarieties, as described by Definition 12. Ill that we encounter 
are subspaces of spaces of stable maps that consist of elements corresponding 
to curves with specified singularities. 

n-l 

Definition 2.10 A compact topological orbifold M = Mn U U -^k is a 

mostly smooth, or ms-orbifold of dimension n if 

(1) M = Mn is an open subset of M, and Mk — Mk C |J Mj for all 
k = Q,...,n; 

(2) M-k is a smooth oriented orbifold of dimension 2k for all /c = 0, . . . , n; 

(3) for each A; = 0, . . . , n — 1 , there exist a smooth complex vector orbi-bundle 
J^k — > J^k and an identification (j)k ■ Uk — > Vk of neighborhoods of ^Ak in 
J-k and in Ai such that (pk '■ 4'k^{^) — Vk D Ai is an orientation-preserving 
diff eomor phism . 
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There is no firm consensus about the correct definition of the orbifold category. 
For our purposes, we put the following, rather strong, requirements on the 
objects involved in Definition l2.1Ul Each smooth orbifold A4k of Definition l2.l01 
is the quotient of a smooth manifold Mf^ hy a smooth action of a compact Lie 
group Gfc. All points of A4k have finite stabilizers, and the set of points with 
nontrivial stabilizers has codimension at least two in A4k- In other words, this 
set is a finite union of smooth manifolds of dimension at most 2k — 2 + dim ■ 
In addition, there exists a vector-bundle splitting 

TMk = T^Mk®T''Mk, 

where T'"A4k is the vertical tangent bundle and T^Aik is a complex vector 
bundle on which Gk acts by complex- linear automorphisms. We call J-k — > 
Mk a smooth complex vector orbi-bundle if there exists a smooth complex 
vector bundle Tk — > Mk on which G/. acts smoothly. 

By a compact topological orbifold A4, we mean the quotient of a compact 
Hausdorff topological space 

n-l 
1=0 

by a continuous action of a compact Lie group G. For the purposes of Defini- 
tion l2.10T Ai'i^ denotes the preimage of ^Ak under the quotient projection map 
A4 — > M, G = Gn , and the restriction of the continuous G-action to ^An 
agrees with the smooth Gn^action of the previous paragraph. Condition (3) of 
Definition 12. lUI means that there exist 

(3a) a splitting Gk = G x G'^, ; 

(3b) a Gfc -invariant neighborhood 11^ of Ai^ in F^; 

(3c) a G-invariant neighborhood Vk of M'j^ in M; 

(3d) a G-equivariant topological G^~fibration (p^- — > Vk such that 

(3d-i) 4>k(Mk) = M'^ and 0^: 4>'k^[Mn) — > ^4 n Mn is smooth; 
(3d-ii) for each x G 0^ ^(M„) , the map vr^ , od0fc|^. : T!^Mk — ' Tb M 
is an orientation-preserving isomorphism. 

Throughout the rest of the paper by a vector bundle over a smooth orbifold 
we will mean a smooth complex normed vector orbi-bundle. With notation 
as above, this means that Tk carries a G^-invariant Hermitian inner-product. 
Similarly, V — > M. is a. vector bundle if 
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(1) V is the quotient of a topological Hermitian vector bundle V — A4 by 
an action of G; 

(2) y| Alfc is a vector bundle for all i = 0, . . . ,n. 

In (1), the action of G preserves the Hermitian structure. 

If both M = Mn U |Jfc=d -^k and A?' = Mn' U lJfc=o^ J^'k ms-orbifolds, a 
continuous map vr: M. — > M.' will called an ms-map if for each k = 0, . . . ,n, 
there exists k' = 0, . . . ,n' such that vr : A^^ — > -^1' ^ smooth map. 

Definition 2.11 Let M. be an ms-orbifold as in Definition I2.1U1 

(1) A smooth 2m-dimensional oriented suborbifold 5 of is an m -pseudo- 
cycle in A4 if 5 — 5 is contained in LI^Zq A4k and S H A4k is contained in a 
finite union of smooth suborbifolds A4k of dimension at most 2m — 2. 

(2) A pseudocycle 5 is a pseudovariety if 5 is a smooth submanifold of A4 . 

This definition of pseudocycle is a variation on that of jlUl Chapter 7] and 
jl4l Section 1]. For fairly straightforward topological reasons, every pseudo- 
cycle of and jTlj determines an integral homology class. For nearly the 
same reasons, every pseudocycle S of Definition 12.111 determines an element 
of H2m{M;Q) . If a G -ff^™(A1;Q), we denote the evaluation of a on this 
homology class by {a,S). We write dS for the boundary of 5, ie the set 
S-S. 

If 5 is a pseudovariety in A4, by a vector bundle V — > S we will mean a 
topological Hermitian vector bundle over a neighborhood Uy of 5 in such 
that for each k = 0, . . . ,n the restriction of V to UyDMh is a smooth Hermitian 
bundle. Similarly, we denote by T{S;V) the space of continuous sections of V 
over Uv that restrict to smooth sections on Uy H A4k for all k = 0, . . . ,n. For 
the sake of simplicity, we restrict the presentation of our main topological tools 
to vector bundles over pseudovarieties as this is sufficient for the purposes of 
counting rational curves in projective spaces. 

Throughout the paper, we assume that every smooth oriented manifold Z 
comes with a system of trivializations, ie a smooth map 

^2-. TZs^Z, 

where 5 G C{Z;M~^) , such that i)z\TbZ^^f,^ is an orientation-preserving dif- 
feomorphism onto an open neighborhood of 5 in 2 that sends (6; 0) to 6. If 
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V — > Z is a. vector bundle, we assume that such a map '&z comes with a 
choice of a lift of -dz to a bundle identification 

^z-y- ^tzVItzs^^^ 
ie an isomorphism of smooth Hermitian vector bundles that restricts to the 
identity over Z C TZ . If F is given as a direct sum of proper subbundles Vi , 
'&Z;V will be assumed to be induced by the identifications '&Z;Vi ■ If is a 
smooth oriented manifold, E — > is a vector bundle, and k G T{M;E) 
is a section transversal to the zero set, we assume that the smooth oriented 
submanifold Z = k^^(O) comes with a normal-neighborhood model, ie a smooth 
map 

Es^M, 

for some 6 € C{Z; , which is an orientation-preserving diffeomorphism onto 
an open neighborhood oi Z va. M. such that 'Qn\Z is the identity map. If 

V — > is a vector bundle, 'd^ comes with a choice of a bundle identification 

which respects vector-bundle splittings as above. Furthermore, 

for all (6; w) (z Eg. We will often only imply these identifications in equations 
involving vector-bundle sections. 

Definition 2.12 Suppose M is an ms-manifold as in Definition I2.in( S is 
a pseudovariety in A4 as in part (2) of Definition 12.111 and ^ is a smooth 
submanifold of A^fc for some k = 0, . . . ,n. 

(1) A regularization of Z in Ai is a tuple [Uz, E, k, {J^k;j)j£j{z)) i where 

(la) Uz is a neighborhood of Z in M.k, E — > Uz is a vector bundle, 
and K G T{Uz]V) is a section transversal to the zero set such that 

Z = /t-i(O); 

(lb) J^k;j — ^ i^z is a non-zero subbundle of Tk\Uz for each j E J{Z) 
such that Tk\Uz = ®jejiz)^k;j, MUknY{Tk\Uz; J{Z))) c OM, 
and MiUkPz) -YiJ'kPzlJiZ))) C M. 

(2) A model for Z in S is a tuple [Uz, E, k, {J^k;j)j^j{z)] Ozji^z) , where 
(2a) {Uz, E, K, {Tk;j)j£j(z)) is a regularization of ^ in 

(2b) Oz — > Uz is a vector bundle of rank ^(dimA4 — dim 5) ; 
(2c) ipz '■ ^k — ^ Oz is a bundle map such that 
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(2c-i) Tpz is smooth outside of Y{Tk; J{Z)); 
(2c-ii) if V £ Uk\Uz, 4>k{v) G 5 if and only if ipziv) = 0. 

Suppose V — > 5 is a vector bundle and {Uz,E,k,, {J^k;j)je,j(z)) is a regular- 
ization oi Z m. M.. In such a case, we assume that the tuple 

{Uz,E,K, {Tk;j)j&J{Z)) 

implicitly encodes a Hermitian vector-bundle isomorphism 

'&Uz;V- '^K^\,j>-\Uv)\{UvnUz) ' ^\uvnMUkmvnUz)) 

that covers the map (j)k and restricts to the identity over Uy n Uz- This 
isomorphism is to be smooth over the complement of Y(J^k\Uz', J{Z)). Along 
with the map 'dk-y ^ we then obtain an identification 

■dz-y- ^*E®rk^\{EsxTk■,6)\(JJvr^z) '^\uvr^<i>k-&n;T^{{Es-x:Fk;5)\(JJvr^Z)y 
covering the map (j)k o ^k;Tu for 5 G C{Z n Uy;W^) sufficiently small. 

Definition 2.13 Suppose is a smooth manifold, F,V — > M are vector 
bundles, and O is an open subset of F . 

(1) A smooth bundle map e: — > V is -negligible if lim„ >qs{v) = 0. 

(2) A C'' -negligible map e: 1^ — > V is -negligible if lim^, >o Dm^{u) = 0, 

where denotes the differentiation of e along M. with respect to some 

connections in F and V . 

(3) If p is a positive or negative monomials map on F = ©jg/ Fi and p is a 
monomials map on F with values in a line bundle L, a smooth bundle map 
e : Q, — > V is (/?, /o) -controlled if there exist monomials maps pi, . . . , on F 
with values in L such that 

N _^ 

p>pPj for all j = 1, . . . , A^, and lim ^^^lPj('^)l) |e(u)| < cxo. 

Definition 2.14 Suppose A4, S, and Z C Mk are as in Definition 12.121 
V — > 5 is a vector bundle, and s G T{S; V) . 

(1) A semi-regularization of s near Z is a tuple 

{Uz,E,K,{Tk;j) j(zj(z) -,0^ ® 0^,11)2 ® 'iljt;? , p,oi+,av , 

where 
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(la) {Uz, E, K, {Tk-j)j(zj(^z)TOz®^z^''J^z®''J^z) is model for Z in S such that 
rk^ > rkO^; 

(lb) T = ©jg7(2) -^i — is a vector bundle and 

p: TklUz - Y{Tk\Uz\ J{Z)) ^ 
is a smooth bundle map; 

(Ic) V* e T{Uz]0% e V) and a+ ® ay G r(C/2; Hom(j'; 0+ V)) is an 
injective linear map such that is onto along Z] 

(Id) there exist 5 £ C°°{Z nUy]^'^) and a C° -negligible map 

e+y : J'kpz - Y{Tk\Uz\ J{Z)) Hom(^; 0+ y) 

such that 

(^^+(6; t^), s(6; t^)) = {a+p{h; v),avp{b; v)) + u*{b) + (6; 'y)p(6; t;) 
for all {b;v) G such that (j)k{h]v) G 5. 

(2) A semi-regularization 

{Uz, E, K, {Tk;j)jeJ{z); O^, -^i ffi i^t'^^^ «+> "y, z^*) 
is hollow if rk^fc < rk^^ and either z^* = or the bundle map 

T — >0^(BV, {b;v) {a+eav}{b;v) + u*{b), 
does not vanish over Z. 

(3) A semi-regularization 

{Uz, E, K, {J^k;j)jeJ(zy, Ol, V'i ffi i^t'^^ a+,av,i'*) 

is neutral if p is a neutral monomials map, a+\Y{J^; {i}) is onto over Z for all 
i G I{Z), and z/* = 0. 

Definition 2.15 Suppose M, S, Z C Mk, V — > S, and s G T{S;V) are as 
in Definition 12.141 A regularization of s near 2 is a tuple 

{Uz, {Ei)i(zj(^z), {l^i)i&I{Z),{^k;j)j(i.}(Z): 

Oz O^,^^ Vz;-^, "v; {Ei)iei(z),P,a-), 

where 

(1) Ei — > Uz is a vector bundle for each i G I{Z) ; 
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(2) with E = 0jgj(2) Ei and k = {Ki)i^n^z) , 

{Uz,E,K, {:Fk;j)jeJ{zy,02 ®0%,'4)2 © V';J;^,p,a+,ay,0) 

is a semi-regularization of s near Z such that p is a positive or negative mono- 
mials map and a^\Y{T] {i}) is onto over Z for all i € I{Z)] 

(3) p = {pi)i^i[z) is a degree- >1 monomials map on E ® with values 
in = ©jg/(2) Ei-, for some integer- valued function A on /(^) x J{Z); 

(4) a_ G r(^; Hom(i?, O^)) is an isomorphism on every fiber; 

(5) there exist 6 £ C{Zri Uv','^^'^) and for each i £ I{Z) a C-^ -negligible map 
and a (p, pj) -controlled map, 

?r : j:^\Uz - Y{Tk\Uz; J{Z)) Hom(Fi(pO, ai(^i)) and 
e," : J'kpz - Y{Tk\Uz; J{Z)) ai{Ei) 

such that 

il)l{b]v) = a-Pi{b;Ki{b),v) + e~ {b;v)pi{v) +£:[{b;v) for ah {b;v) € J^k;S, 
where ^~ denotes the ith component of ip~ under the decomposition O^lZ = 

Remark Proposition 13.51 ensures that admits an expansion as in (5) of 
Definition 12.151 in most cases one would encounter in counting rational curves 
in projective spaces. However, this expansion is not needed if Z is s-hollow or 
s-neutral; see Definition 12 . 1 71 and Proposition 12. 18Bl 

If J^, E — > Z are vector bundles and a G r(Z; Kom{T, E)) , let 

5 G T{FJ^; Hom(7^, vr;^^)) 

denote the section induced by a. Here 7^ — > ¥J^ is the tautological line 
bundle, while vrpjr: IP-^ — > Z is the bundle projection map. 

If T,E — > Z and a are as above, a closure of {Z,a) is a tuple {M-',T',E'), 
where A4 is an ms-manifold containing Z as a pseudovariety, and J^' and E' 
are vector bundles over Z that restrict to and E, respectively, over Z. 

Definition 2.16 Let M, S, Z, V, and s be as in Definition 12.141 A regu- 
larization 

{Uz, iEi)i(zi(^z)^ i'^i)i£l{Z)i i^k;j)jeJ{Z)'^ 

© 01,-0^ ffi^|;-^,P,a+,ay; {Ei)iei(z),P,a-) 
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of s at Z is closable if {Z,aY) admits a closure {A4',J-',0') and P^' admits 
an ms-orbifold structure such that 

(1) Ai' C A4, TTp^, : — > A4 is an ms-map, and 5^^(0) is a pseudovariety 
in P^'; 

(2) da'^^ (0) is a union of subsets Zi such that 5y admits a semi-regularization 
at each Zi. 

Definition 2.17 Let M, S, V, and s be as in Definition 12.141 

(1) Z C A4k is s -hollow (neutral, regular) if s admits a hollow semi-regular- 
ization (neutral semi-regularization, closable regularization) near Z. 

(2) A section s is reg ular if s is transversal to the zero set and there exists a 
finite collection of smooth disjoint manifolds in A4 such that 

(2a) dS C Uieis ^^^^ Zi - Z^ c Udim2, <dim2. all i G ; 

(2b) Zi is either s-hollow, s-neutral, or s-regular for every i ^ Ig. 

Suppose s G r(5; V) is a regular section as in (2) of Definition 12.171 Let 
{Zi}i(zi* be the subcollection of s-regular subsets. To each i € I* , we associate 
the tuple 

Qi = {Mi,Si,'yi,Oi,ai;degpi), 
where, with notation as in Definitions 12.151 and 12.161 

Mi = P^', Si = (0) cMi, 7i = ip ^Si, Oi =7r*~,V^ Si, 

ai = av £ T{Si,Bom{ji,Oi)), 
are the objects corresponding to Zi. We will write deg^^j for deg/3j. 

2.3 Contributions to the Euler class 

In this subsection, we describe the topological part of the computational method 
of this paper: 

Proposition 2. 18 A Suppose S is an m -pseudovariety in an ms-orbifold A4 
and E, O — > S are vector bundles such that ikE = 1 and rkO = m + 1. If 
a G r(tS; Hom{E, O)) is a regular section, for a dense open subset Ta{S; O) of 
sections v G V(S; O) , the afRne map 

ipa,u = a + 9: E\S — > O, ilJa,u(b; v) = ab{v) + Vh, 
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is transversal to the zero set. The set ip^ p(0) is Enite, and its signed cardinahty 
^\tpa}>{^)\ dependent only on a and is given by 

N{a) ^± |^-kO)! = |a^-'(0)|, 

where G T(^S;Hom{E,0/C)) is the composition of a with projection map 
onto the quotient of O hy a generic trivial line subbundle. 

Proposition 2.18B Suppose S is an m~pseudovariety in ms-orbifold A4, 
V — > S is vector bundle of rank m, such that e{V) is the restriction of a 
cohomology class on M, and s G r{S; V) is a regular section. Then, s^^(O) is 
a finite set, and 

^\s'\0)\ = {eiV),S) -Y.degQ,-N{gi) ee {e{V),S) - Cg^{s), 

i€i* 

where I* is a complete collection of effective regularizations of s on S , as in 
the last paragraph of Subsection IJ. 'Jl and N{gi) = N{ai) . 

Remarks (1) Together the two propositions give a reductive procedure for 
counting the number of zeros of a section over the main stratum of a pseudova- 
riety, provided that the section is "reasonably nice." Indeed, one apphcation of 
both propositions reduces the rank of the target bundle by one. In the holomor- 
phic category, every section is in fact "reasonably nice." By Proposition 13.51 
many sections of interest to us also have the needed properties. 

(2) In Proposition 12 . 18X1 E can be a vector bundle of arbitrary rank, provided 
the rank of O is adjusted appropriately and the section 5 is regular. In such a 
case, N{a) = N{a) . In fact, one can obtain such a reduction even if the original 
map a is a polynomial; see Subsection 3.3 in jTT] for details. In addition, it is 
not necessary to assume that a does not vanish over S. However, in practical 
applications, the boundary of A4 can be enlarged to absorb the zero set of a. 

(3) If E,E' — > M are vector bundles, p G r(5; Hom(^, ^')) 

IS an isomor- 
phism on every fiber, and a G r(5; IIom(ii^, O)) , then N{a) = N{a o 
provided both numbers are defined. Note that the isomorphism p is assumed 
to be defined over S, and not over S. We will call the replacement of a by 
ao p^^ a rescaling of the linear map. A good choice of the isomorphism p may 
greatly simplify the computation of the number N{a) via Propositions I2.18AI 
and 12.1861 In actual applications, our isomorphisms p will be such that N{a) 
is defined if and only if N{a o p~^) is defined. 

(4) If a+ and ay are as in the last paragraph of Subsection 12.21 

N{av) = N{a+ ay)- 
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In particular, if Zi is a finite set and thus a+ © ay is an isomorphism over 
every point of Z^, then N{av) =^ 

For computational purposes, it is useful to observe that if E — > 5 is a vector 
bundle of rank n such that c{E) is the restriction of an element of H*{M), 

k=n 



k=l 



(2.16) 



[l^Xl~\FE\S) = {fi,S) for ah ^ € H^"'{M; 



the same formula in a more standard setting can be found in ^ Section 20], 
for example. In the situation of Proposition 12. 18"^ but with E of an arbitrary 
rank. Propositions 12. 18X1 and I2.18BI and equation (|2.16j) give 

N{a) = {ciO)ciE)-\S)-C^j,^g^{a^). (2.17) 

The last term above is zero if a extends to a section of Hom(£', O) over S that 
has full rank over every point of 5. In the computational sections of this papers, 
we view formulas (|2.16j) and (|2.17j) as parts of Propositions I2.18AI and I2.18BI 

In the rest of this subsection, we prove Propositions I2.18AI and I2.18BI Before 
proceeding, we first comment on the topology on T{S;0) to which the first 
proposition makes an implicit reference. There are many topologies in which 
the statement of the proposition is valid. One of them is defined via convergence 
of sequences on compact subsets in the C'^-norm on Uo and the C^-norm on 
compact subset of Uo n Aik] see ^1 Subsection 3.2] for more details. 

The proof of Proposition I2.18AI is essentially the same as the proof of jl7| 
Lemma 3.14]. The finiteness claim is proved as follows. Suppose {br,Vr) € E\S 
is a sequence such that ipa,u{br,Vr) = and {6^} converges to some b* G dS . 
Let 

{Uz,E', K, {J^k;j)j(ij(z)\02 © ® a+,aE*®o, i^*) , 

be a semi-regularization of a at a submanifold Z oi A4k containing b* , as 
provided by (2) of Definition 12.171 By replacing Z with Z Ci Ue ri Uq, if 
necessary, it can be assumed that Zi C Ue H Uo ■ As in the proof of Lemma 3.12 
in ^21, from the sequence {{br,Vr)} we can obtain a zero of the map 

i^a,9;Z- E(S)T > E®0+ ®0,iJa,u;z{b;v) = («+ (u) , 550 (u) + p) , 

if I'* = 0. This is a bundle map over Z. By (Ic) of Definition 12.141 the 
first-component map is surjective. Thus, for a dense open subset of elements 
of r(5; O) , the map '4'a,u;Z is transversal to the zero set. Assumptions on the 
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dimension and the ranks imply that ipa,u;z{b; v) does not vanish if z/ hes in this 
open dense subset; see (2) of Definition 12.121 and (la)-(lc) of Definition 12.141 
On the other hand, if u* ^ 0, we can obtain a zero of the map 

ll^a,u;Z- E®T®E — >E®0+®0, 

In this case, rk^ < rk^^ and thus the map ipa,v\Z again has no zeros if 
v is generic. We conclude that "iAaplO) is a finite set. The independence of 
^|'0~p(O)| of the choice of 9 is shown by constructing a cobordism between 
V'qPj(O) and V'ap2(^)' P^^* proof of Lemma [2.221 below for a 

similar argument. The final claim of Proposition I2.18AI is nearly immediate 
from the definition of ipa,v] see Subsection 3.3 in jT7|. The trivial subbundle 
mentioned in the statement of the proposition is simply Cv , if G r(5; O) is 
generic and thus does not vanish. 

We next prove Proposition I2.18BI The first step is to construct a section 
s G r(5; V) such that 5 = 5 outside of a small neighborhood of dS that con- 
tains no zeros of s . This is achieved by cutting s off near dS , so that the new 
section extends over dS by zero. This procedure changes the estimate of (Id) 
of Definition 12 . 141 in a well-controlled manner. We then add a small perturba- 
tion tv to s such that 's + tv has transverse zeros on S and no zeros on dS . 
The total number of zeros of this section is then the euler class of V over 5, 
(e(y), 5) . On the other hand, for each element of s~^(0) there will be a nearby 
zero of the perturbed section. All the remaining zeros will lie near dS . The 
final step is to show that all such zeros lie near the s -regular subsets of 55, for 
a good choice of and can be expressed in terms of the zeros of affine maps. 

Let {Zi}i^i^ be a collection of smooth manifolds in A4 as in Definition 12.171 
with corresponding semi-regularizations 

(Ui, Ei, Ki, {^k,;j)jeJ(z,y, e Of,il}~ e V/"; -^i, P*, ai-y, V*) . 

By replacing Zi with Zif^UY , if necessary, it can be assumed that Z-i C Uy ■ 
Let 5i G C{Zi;W^) be such that is defined on E-^ , 

{\ x^. -^fc,;?,) C t/fc,, and (t^k^^^^;^,^ {E~^^ x^^ T^j) C C/y. 
If 5 G C{Zi]W^) is less than 5i and /C is a subset of Zi, let 

U,{8) = E,,s xz^ Tk^.s - Y{E, e J^kr,J{Zi)), and 
Wi{6;}C) = (l}kM-.;nS^i;S x^^fc,;^)) C M. 

We denote Wi{5] Zi) by Wi{5). Since all the zeros of s are transverse, the next 
lemma implies that s~^(0) is a finite set. 



Geometry & Topology, Volume 9 (2005) 



608 



Aleksey Zinger 



Lemma 2.19 There exists 6* G C(Zi;M+) such that Wi{6*) n s^^O) = 0. 

Proof Let Ui = ai-+ ® Oi-y . By (Ic), (2), and (3) of Definition EH and (2) 
of Definition 12.151 there exists eg. € C{Zi;M^) such that 

\ai{b;d) + i^*{b)\ > e5,(6)|t^| for all {b;v) £ Ti. (2.18) 

If is a C*^ -negligible map as in (Id) of Definition 12.141 corresponding 

to Zj, let 

ei;+(^',r) = sup{|ei;+,y(6;'u;,t;)| : [h\w,v) £ E^^ y-z.^k^r^:, 

\w\M <r, {b;v) ^Y{Tk^,J{Zi))}. 

Then, ei-+ is continuous and linir yoei-+{b,r) = 0. Suppose 

{b;w,v) eUi{6), (j)k^'d^^.jr^^{b;w,v) £ S, and s{(l)k^'d^^.:f^^{b;w,v))=0, 

where 6 <6i. Then, by Definition 12.141 

\aiPi{b;v) + ,^*ib)\ <er,+ {b,5ib))\piib;v)\. (2.19) 

By (|TTH|) and ^Tm . if ei.+ {b,6{b)) < e^^{b) for ah b Zi, then Wi{5)r\s-^{{)) 
is empty. □ 

Choose V € T{S]V) with the following properties: 

(Al) for all i (z Is, i^i = i'\zi has no zeros, and the map 

A;u,-- ^O+eF, Vi;P»(&;'y) = (aj;+(f),Z^j(6) + aj;y(f)), 

is transversal to the zero set. Furthermore, if Zi is s-hollow, the sets Mi^* and 
M* • lm'0i;pi(^; t') are disjoint. 

(A2) If Zi is s-regular or s-neutral, ipi-p.\Y {Ti; j) does not vanish for all 
(A3) If Zi is s~regular, ip^p.{0) is a finite set. 

Note that (Al) and (A2) are just transversality assumptions, due to (Ic) and 
(3) of Definition inl and (2) of Definition ITTCl Conditions (A3) holds if Ui is 
the restriction of a section i>' G T{Zi \ V) such that 

7riz^'Gr5,^,(5j(o);4/)- 
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Lemma 2.20 If Zi is s -hollow, there exists S* G C{Zi;M.'^) with the following 
property. If W is an open neighborhood of dS in M. , there exists e > such 
that for all rj G C(5;M), t G M"*", and v' G V(S\V^, satisfying y'\w = i'\w ^nd 

Wii6*)n{i]s + ti^'y\o) = (l). 

Proof By assumption (Al), the map 

eM^O+ey, {b;v) {ai.+{b;v),iy,{b) + ai-viv)) + Tiy*{b), 
has no zeros over Zi. Thus, there exists (^g.^p. G C(^j;M^) such that 

\iO,i^iib)) + aiib;v) + Ti^*ib)\ >(55„p,(6)(l + |5,(6;?y)|) for(6;u)G^,. (2.20) 
By continuity of u, there exists Ei^^, G C^{Zi x such that 

lim ei^u{b,r) = and \iy((j)k^i}^^.:f (b^w^v)) - i?i{b)\ < £i^yib,5{b)) 

r ►0 * 

for all (6; v) G Ui{5) such that (pki'&K^iJ^k- (^i Wjv) & S . li v' ^ ^{S; V) is such 
that v'\w = i^\w and \\u — v'\\c'^(^s~W) < then 

I {z. - y'}[(t>k^i)n.^T,^ (6; w, v)) \ < Ci,w{h)6{b)e 

for all (6; w, v) G Ui{5) such that (pki'&HiiTk. (^5 ^) ^ '5, where Ci^w € C{Zi; M) 
depends only on 14/^. Thus, by the above and (Id) of Definition 12.141 

I (0, ti)i{b)) + ai {vi(pk,'&K,;j^k, (b; u!, v))pi{b] v)) + ??(0fc,'i?«,,;^,^ (6; v))v* (b) \ 
< Ea, {b)~^e+ (6, (5(6)) 1 5i {v{(pk,i^K,;j^k, (^5 '^^ '^))Pi (^5 ^)) \ 

+ t{ei,,{b, 6{b)) + a,w{b)d{b)e) (2.21) 
for all {b;w,v) G Ui{5) such that (/)fc.i?Kj;:Fj.. (6; tf, f ) G 5 and 

{r/s + tiy'}(t)k^^^^-jr^^ (6; ui, t;) = 0, 
where e^. is as in the proof of Lemma [2. 191 By (|2.2Up and 1)2. 21() . 

Wi{6) n {r]s + tiy'y^{0) = 
if e5^{b)-^e+{b,6{b)),e^,,(b,6{b)),Ci,w{b)6{b)e < lS^,,p,{b) for ah 6 G Z,. □ 

Lemma 2.21 If Zi is s-neutral, there exists 5* G C(-Ej;M+) witii the follow- 
ing property. If W is an open neighborhood of dS in A4 , there exists e > 
such that for all rj G C(5;M), t G M"*", and u' G r(5; V), satisfying u'lw = t^\w 
and - i^'Wc^is-W) < 

Wii6*)n{r]s + ti^'y\0) = (l). 



Qeometry & Topology, Volume 9 (2005) 



610 



Aleksey Zinger 



Proof By assumptions (Al) and (A2), ■i/;r_^(0) is a discrete subset of JFj — 

Y {J^i] I (Zi)) and contains at most one point of each fiber. For each v G (0) > 

let be a neighborhood of v \n Ti — Y{Ti;I{Zi)) such that the closure of 
IC^ in Ti — Y{J-i;I{Zi)) is compact. For simplicity, it can be assumed that all 
the sets ICy are disjoint. By Proposition I2.3A1 there exists 5p,,Pi G C°°(5;M+) 
such that 

Then, there exists 5p. G C(2^i;M^) such that for all r G 

\iO,i?iib))+5i{Tp,{b;v))\ >6i,^ib){l + \ai{Tpi{b;v))\) (2.22) 

for all {b]v) G ^k,;5p. ^. — Y {Ti/, I {Zi)) . On the other hand, by the same argu- 
ment as in the proof of Lemma I2.2U1 

I (0, ti?i (6)) + ai {r]{b; w,v)pi (6; v)) \ 

< £5^ (6)"^e+ (b, 5{b))\ ai {r]{b; w, v)pi (b; v)) \ 

+ t{ei,,{b, 6{b)) + aMb)me) (2.23) 
for all {b;w,v) G Ui{6) such that (/>fc.'!?K,;:rj.. (&; ui, f ) G S and 

{r]s + tiy'}(j)k,ib;w,v) = 0, 

if u'lw = i^\w and \\u — i^'\\c^[s~W) < ^ • Thus, Wi{5) (1 {r]s + ti/'} ^(0) = 
if es,^{b)'^e+{b,6{b)),ei,,{b,6ib)),Ci,w{b)6{b)e < i<5p,(6) for ah b G and 

Lemma 2.22 If Zi is s-regular, there exist 5* G C{Zi; M"^) , a compact subset 
K,ai\Ui of Zi, and 5i,ei G with the foUowing property. If W is an open 
neighborhood of dS in M, there exists ew G M'*' such that for every ij G 
C(5;M), satisfying 

ri{(t)k,^n,;n^{w,v)) = /?5,(|i;|) 

for ah {w,v) G Ei-s; ^k:^^,^,^ ^k,;S; such that (j)k^'d^^.jr^^{w,v) G S, t £ (0,ei), 
and v' G r(5; V) , satisfying v'\w = i^\w , — ^'\\c^{S-W) < , and 7]s + tu' 
is transversal to the zero set on S , then 

^\Wii6*) n {r,s + tu'y\0)\ = degp, \^l^i^^{0)\ 

and 

Furthermore, if W* is a neighborhood of Zi in A4 , 5? can be chosen so that 
W,{6i) C W*. 
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Proof (1) Let /C be an open neighborhood of the finite subset ■0^ - (0) of 

J^i — Y{!Fi;I{Zi)) such that the closure of K, \n J^i — Y{Fi;I{Zi)) is compact. 
Let ^s^^p^ = p-\^-X). Note that by (1) of Proposition EjH r,. is a closed 
subset of — Zi . We take 

This is a compact subset of Zi . 

(2) As in the proofs of Lemmas KM and there exists G C{Zi;W+) 
such that 

|(0,z?i(6))+5i(6;iy)| > 5v^{h){l + \ai{h-v)\) ioi sl\ {h-v) e Ti-^-K. (2.24) 
On the other hand, as before, by the estimate (Id) of Definition I2.14| 

I (0, tui (b)) + Oi {7]{b; w,v)pi {b; v)) \ 

< e+{b, 6*{b))\ai (ry(6; w, v)pi {b; v)) \ + t (ei,^(6, 6* (6)) + Ci^wih)€w) 

(2.25) 

for all {b;w,v) £Ui{6*) such that c/yk^'di^.-jr^ {b;w,v) G S and 

{rjs + tv'}{b; w, v) = 0, 

where e+{b,6*{b)) = ea.^{b)'^e+{b,6*{b)) and C^,w{b) = Ci,H'(6)5*(^) • By 
([2:2111 and (IT^ . 

W^,(,5*)n{??s + tz.'}"'(0) 

C</'fc,i9«,;^,^({(u;,t;) G^ie.Ffc, :t;e.^5„p,, < (^*(&)}) (2-26) 

if g-+(6,(^*(6)),ei,,(6,5*(6)),Q,H^(6)ew^ < i5p,(5) for all b G Z^. 

(3) Let Pi = {pi^i')i':^i(Zi) aj;_ be the monomials map and the vector- 
bundle isomorphism as in (3) and (4) of Definition 12.151 respectively, corre- 
sponding to Zi. Similarly, for each i' G I{Zi), let £~-, and e~-, be a C^- 
negligible map and a (pj, pij^j/) -controlled map as in (5) of Definition 12.151 cor- 
responding to Zi. Since Qj;_ is an isomorphism on every fiber and the image 
of e~^, lies in the subbundle ai--{Ei^i') of 0~ , we can define a -negligible 
map 

ei,i' : J'k, \Ui - Y{Tk, {Uf, J{Zi)) Ei 

by e^-,(w,v) = ai--['ei^i/{w,v) (S) Pi,i'{v)) ■ By the Contraction Principle, there 
exists 5- G such that for all 

{w',v) G Ei-s^ ^K.s,^,9, ^'^h,5^ 
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the equation 

has a unique solution. Furthermore, this solution satisfies \w\ < 2\w'\; see the 
proof of IXJl, Lemma 3.18], for example. Let e_ € M"*" be such that 

|Qi;_(5;)| > e^lw] for all w S E\]Ca^,pi- (2.27) 

By (3) of Definition ITTHl and (3) of Proposition lOHl there exists 6+ G M+ 
such that 

for all i' € /(^j) and v G ^ai,Ui such that < 5+. It can be assumed that 
6+<6-. Then by (5) of Definition ITT^ 

for all {w,v) G E^i;^. ^z,,^k,;5* where G /C5^,p,, |f | < 6+, (j)k^'&^^-jr^^{w,v) G 5. 

(4) Let 5i = j8l. If 6+ < iniic-, ^, 6*, by (2) of Proposition 12. 3B| there exists 
€i G M+ such that for all t G (0, ej) , 

and t~^r]pi: J^kf,5* H {t^-'^7//9j| ^(/C) — > /C is a covering projection of oriented 
degree deg pi . Then, by (|2.26j) - (|2.28|) and the assumption on 5- , 

Wi{6*)r\{r]s + tv'Y\{}) 

for ah t G (0,ei), if 5± < \5*{b) for all b G /C^.^p- and 

?+(6,<5*(6)),e,,,(5,5*(6)),a,^(6)eH/ < ^<5p,(6) 

for all b £ Zi. 

(5) By Definition the set Wi{6*)r\{'qs+ti'']^^ {0) consists of the solutions 
of the system 

V'+(u',f) = G 0+ {w,v) G ^5*). 
{■qs + tu'}{w,v) = G y 



Qeometry & Topology, Volume 9 (2005) 



Counting' rational curves of arbitrary shape 



613 



By our assumptions, the zeros of this system of equations are transverse. By 
(l)-(4) and Definitions 12.141 and 12.151 these zeros are the same as the zeros of 
the system 

ar-Pi{w,v) +Ei'G/(2,) + ^7i'iw,v)) = G O" 

PsM){ar,+ +ei,+ {w,v))p,{v)=0eO+ (2.29) 
f3s,{\v\){ai-v + ei-v{w,v))pi{v) + tv'{w,v) = G F 

where £i-+ and £i-y denote the and F-components of £i-+y and {w^ v) G 
Ui{5*) as before. We will show that the zeros of 1)2. 29() are cobordant to the 
zeros of the system 

ai;-pi(6;ti;,t;) = G 0~ 
a^■y{^3sM)pi{h■v)) = G 0+ {b-w,v) £Ui{6l). (2.30) 
^ a^■+{P5Mp^{b■,v)) + ti?i{b) = e V 

We construct a cobordism between the two zero sets as follows. If /i_ , /i+ , and 
hv are bundle maps from X = [0, 1] x Ui{6*) to O" , O'^ , and V , respectively, 
and h = (/i_, hy) , let X{h) be the set ot tuples (r, (b; w, v)) G X such that 

PSii\v\){ai-+ + T£i.+{b;w,v))pi{b;v) + h+{T,b;w,v) = 0, 
Ps,{H){(^r,v + T£i-v{b]w,v))pi{b;v) +t{Tu'{b;w,v) + (1 -r)Pi(6)) 

+hv{T, b; w, v) = 0, 
ar-pi{b;w,v) +T ^ {£r.,{b;w,v)pi^i>{b;v) + £l-,{b;w,v)) 

+/i__(r, b; w, v) = 0. 

Since the zeros of ()2.29|) and (|2.3U|) are transverse, for a generic choice of h 
with the boundary condition [1^=0 1 = 0, X{h) is a smooth oriented manifold 
such that dX{h) = Xi{h) — Afo(/i). By the same argument as in (l)-(4), 

X{h) C [0,1] X {{b;w,v) eE,®Tk, : {b;v) G ^5„p„ 

5^<\v\<Ut{b), \w\<hl{b)], 

if |/iy(T, 6; w,v)\, |/i+(t, 6; if, t")] < ^t5u,^{b) for all b ^ Zi and |/i-(t, 6; i;)| < 
4 | J(^~) | ^^'^ ^ ^ ^ai,Ui such that (5j < < (^*(6), i' G I{Zi). The 

lower bound on |f| above follows from the fact that /J^jdfl) is zero if \v\ < 5i. 
Thus, is a compact space if h is sufficiently small. We conclude that 

±|^i(/i)| =± \X^{h)\ = degpi |V.Vp(0)|- (2-31) 

The second equality is immediate from (Al), (A2), (A3), and (2) of Proposi- 
tion I2.3B1 This concludes the proof of the main claim of the lemma. The other 
claim is clear. □ 
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Proposition I2.18BI is essentially proved; it only remains to construct a cutoff 
function 7] that has good properties. Let Wi = Uie/j, ^«('^«*/^) " This is an 
open neighborhood of dS in A4 . By Lemmas l2.19tE?^^ it can be assumed 
that s-i(O) n 14^1 = and that 

for all i,j G /* such that i ^ j ■ Let Wq be an open neighborhood of dS in A4 
such that Wq C Wi and let r]' : Ai — > [0, 1] be a smooth function such that 
r/'l VFo = and r|'\^4 — Wi = 1 . For each i G I* , let /C~. be a compact subset 
of Zi such that ICx p C Int^X- and 

for all i,j & I* such that i ^ j ■ Choose a smooth function -q'^ : Ei®J^ki — > [0, 1] 
such that 

v'i\Ev,5y2 X/Ca,,., •^fc.;5*/2 = 1 and r][\{Ei .F^^ - S^.^. x^,^^ = 0. 

If 5i € is as in Lemma 12.221 we define r/j : 5 — > [0, 1] by 

m{b*) = 7?^(6; v)psm) + (1 - ^, v)) v'm 

if 6* = (l)k,'&K.,;Tk^ib]w,v) for some G Ei-s* Xk'~, ^k,;S* , and 

riiib*) = r^'ib*) 

otherwise. This function is smooth on 5, since it is the restriction of a smooth 
function on A4 . Let 

V = v' + ^Vi- 

Since r] vanishes on a neighborhood W of dS in A4 , the section s = 77s of ^ 
over S extends by zero to a continuous section over S . Since z/ does not vanish 
on 5, we can assume that z/ does not vanish on W as well. Furthermore, rj 
satisfies the requirements of Lemma 12.221 with replaced by (1 — 7/')z^ and 5* 
replaced by 6* /2. Since r/ does not vanish on the complement of Wi , it follows 
that r]s + t{l — r]')iy is transverse to the zero set on (S — Wi) U W . Thus, for 
all t,e £ , there exists i^' G r(5; V) such that 

J^'L-vKi = = (l-^')^lvK' \W' -C^-v'Mc^s-w) < 

and r]s + ti^' is transversal to the zero set on S . Since r]s + tv' does not vanish 
on dS and is a positive multiple of s outside of Wi , 

{e{V),S) = ^\{vs + tu'y\0)}\ 

= ^\s-\0)\+^^\{ris + tu'}-\0)nWi{St/2)\. (2-32) 
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On the other hand, by Lemmas HTMUTni 

^ ±|{7?s + tu'}-\0) n Wi{6:/2)\ = ^ degp, |V^J(0)|, (2.33) 

provided t and e are sufficiently small. Proposition 12.1861 follows immediately 
from equations 1)2. 32() and 1)2. 33() . assumptions (Al) and (A3), and the second 
remark after the statement of the proposition. 



3 Spaces of stable maps 
3.1 Notation 

In this subsection, we describe our notation for spaces of tuples of stable ra- 
tional maps and for important vector bundles over them. The zeros of certain 
sections of these bundles can be identified with rational curves with prescribed 
singularities. In many cases, using the topological method of Section [2 and the 
analytic estimates of Subsection 13.21 one can express the number of such ze- 
ros in terms of intersection numbers of certain tautological cohomology classes, 
that are also defined in this subsection. The notation described below is a gen- 
eralization on that of ^1 Subsection 1.3] and ^1 Section 2]. Thus, we omit 
some details. 

Definition 3.1 A finite partially ordered set / is a linearly ordered set if for 
all 11,12, h £ I such that ii,i2 < h, either ii < 12 or 12 

The term linearly ordered set is sometimes used with a different meaning in 
combinatorics, as the referee pointed out. We continue to use this term with 
the meaning of Definition l3.1l to be consistent with earlier papers. 

If / is a linearly ordered set, let / be the subset of the non-minimal elements 
of /. For every /i G /, denote by G / the largest element of / which is 
smaller than h, ie 

Lh = maxji £ I : i < (3.1) 

Definition 3.2 A linearly ordered set / is graded by / = I~LiI'^ if / — / C /~ , 
Lh G for all h £ n I , and for every i £ I~ there exists h £ such that 
ih = i. 
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A graded linearly ordered set can be represented by an oriented graph. In Fig- 
ure [21 the small black and large gray dots denote the elements of /~ and /"*", 
respectively. The arrows specify the partial ordering of the linearly ordered 
set /. We use graded linearly ordered sets to encode the structure of an /"'"- 
tuple of stable maps. The set /~ will describe the nodes of the domain of the 
map. For example, the domain of an /'''-tuple of stable maps with the structure 
depicted by Figure |21 will have two connected components. One of these com- 
ponents will consist of six irreducible components and contain a double point 
and two triple points. We give more details below. 




Figure 2: A graded linearly ordered set 

li I = U is a graded linearly ordered set, /" and /''" are linearly ordered 
sets. We denote by /~ and the subsets of the non-minimal elements of 
and respectively. If /i £ we define as in l|3.1j) . but with / replaced 
by /±. If /ii,/i2 G /, let 

[hi,h2] = {i e : hi <i < /12}, [/ii,^2) = G /+ : /ii < i < 
{hi,h2] = {i e : hi < i < /12}, (/ii,/i2) = {i e : hi < i < /12}. 

If / = /~ U is a graded linearly ordered set and i* is an element of , we 
define a new graded linearly ordered set 

= r{i*)ui+{i*) 

as follows. We take = U where and i*L are new elements. 

We define a partial ordering >- on the set by 

hy i if h,i I and h > i; i ^ if i E / and i > i*; 
i'^ y i if i G / and i* > i; y i'L- 

It is easy to see that is indeed a graded linearly ordered set. 

We denote the south pole of the 2-sphere S'^ C by 00 and identify S"^ — {00} 
with C via the standard stereographic projection mapping the origin in C 
to the north pole of . If M is a finite set, a -valued bubble map with 
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M -marked points is a tuple b = (^M, I; x, {j,y),uj , where 1 = 1 U /+ is a 
graded linearly ordered set, and 

x: r — >S^-{oo}, j: M — > 1+ , y: M — > - {oo}, 
and u: 1+ {S"^ 

are maps such that 

{I'hi^xh^) ^ [ih^^xh^), ijh,yh) {ji2,yi2)^ {i'h,xh) {jhvi) 

for all h, /ii, /i2 G I and l,h,l2 G M; 

for all /ii, /i2 £ such that l^^ = l^^ ; and 

Uh{oo) = u +(a;,J 

h 

for all h E . We associate such a tuple with Riemann surface 

= ( □ ^b,h) I ~, 

where Sfo^/i = \K] x 5^, and (/ii,oo) ~ {h2,oo) for all /ii,/i2 G such that 
'•/ii = '•/12 ) and {h,oo) ~ for all h ^ , with marked points {ji,yi) G 

Sftj; , and continuous map Ub : Sfe — > , given by = for all h € . 

We require that S^ /j contain at least two singular and/or marked points of 
other than (/i, oo) if n/j*[S^] = G /72(IP";^)- In addition, we implicitly 
consider each point {h,oo) to be a special marked point. Figured is basically 
the dual graph of . The black dots simply specify which of the special marked 
points are identified and thus are mapped to the same point in P" . If 

6i = (M,/i;x«,(j«,y«),n«) and 62 = {M, Ir, x^'\ {j^'\y^'^\u('^) 

are two bubble maps and / is a subset of and of I2 , we say bi and 62 are 
I -equivalent if there exists a homeomorphism cf): — > such that (/'Ie^^ ^ 
is holomorphic for all i £ , (j){T,h^^i) C ^b2,i for all i G I, u^^ = u^^ o </), 

<P{j\^\y^^^) = {j?\yf^) for all/ eM, 

and for every i £ if there exists G such that 00) = (i', 00) . 

The general structure of bubble maps is described by tuples T = (M, /; j, d) , 
with di € Z specifying the degree of the map Ub on Sfe^, . The above equivalence 
relation on the set of bubble maps induces an equivalence relation on the set of 
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bubble types. If / C we denote by A{T\I) the group of /-automorphisms 
of T; let A{T) = A{T\$). For each i G /+, let 

HiT = {h : Lh = i} and Af^T = {I e M : ji = i}. 

If i G /" , we put 



HiT = {h e : ih = i} li 



if i /- 



Let Tij- denote the space of all holomorphic bubble maps with structure T. 
This is a smooth complex manifold; see |1U1 Chapter 3], for example. 

We denote by l^q-^f the set of /-equivalence classes of bubble maps in Ht ■ Then 
there exists a smooth submanifold Bq- of TCt such that U^^j is the quotient of 
Bj- by a natural action of the group 

= A{T\I) X Gr, where Gr = {S^Y* ■ 
For any i & I , denote by the quotient of Br by the group 

= A{r\I) X gP, where = (5^)'^-^'^ 

Then, U^^j is the quotient of by the residual S'"'^ -action. If i G /^ is fixed 

by every element of the group A{T\I) , corresponding to the first quotient we 
obtain a line orbi-bundle LjT — > ^T\r general, the direct sum of the line 

bundles LjT taken over all elements of the orbit A(T\I) ■ i is well-defined. If 

/i G /+ , let ThT = L\T (g) LhT. 

''h 

The Gromov-convergence topology on the space of all holomorphic maps induces 
a partial ordering on the set of bubble types and their equivalence classes such 
that the spaces 

^ = U ^r|7+ % " = U ^r|7+ 

are compact and Hausdorff. Here T = (M,I',j,d), and the unions are disjoint 
if taken over /"'"-equivalence classes of bubble types. If T < T, let 

= Z7jjj+ and Z7^|^ = j+ . 

The residual -action on U~^^ extends to an action on i/ -.^ , and thus the line 
orbi-bundle LjT — > Uj- extends over Uq- as the line bundle LjT. 
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For each I M , h ^ , and i G / , we define evaluation maps Tlj- — > by 

evi{{M,I;x,{j,y),u)) =Uj^{yi), evh {{M, I;x, {j,y),u)) =Uh{(x>), 

and evj = ev^ if /i G /+ and ih = i. Tliese maps descend to all the quotients 
defined above and induce continuous maps onUr ■ If M C MU/~ and // = /u^g 

is an M -tuple of submanifolds of P", let 

Uri^i) = {beUr: evi{b) G fii for ah / G M}, 
and define the spaces UxifJ-) and U^^;^{n) analogously. 

If T = (M, /; j, d) is a bubble type and A; G , we define the bubble type 
Tfc^(Mfc, 4; by 



Mk = MkTUHkT; Ik = {k,ik}cl; jl^^ = k for ah / G M^; d 



dh. 



Let Ut^t = nA;Gi'+ ^iicl U'r,T = nA;e7+ ■ Note that the spaces Uq- and 
Ur are contained in Ur,T and U-t^t-, respectively. 

Suppose T = (M, I; j, d) is a bubble type, is an element of such that 
di* 7^ and Mq is nonempty subset of Mi*T . We define bubble type 



T{Mo)^{MJ{i*);j',d!) 



by 



7* 



if Z G Mo; 

if / G Mi*T-Mo; 

otherwise; 



0, 



if i 
Hi 



i* ■ 
otherwise. 



If / G M, we will write T{1) for T({/}). In Figure 01 we show the domain of 
an element of the space Ut , where / = {i*} is a single-element set, and the 
domain of an element of the space Uq-^Mo) > where Mq = {/i, ^2} is a two-element 
set. 

In Figure IHl as well as in later figures, we denote each component of the domain 
by a disk and shade the component (s) on which the map into P" is noncon- 
stant. We indicate marked points on the ghost components, ie the components 
on which the map is constant, by putting small dots on the boundary of the 
corresponding disk. The point labeled by i* , ie the same way as the component, 
is the special marked point (i*,oo). Lemma k-i. 41 and Proposition IH. 51 as well as 
the decomposition ()3.4|) . show that it is crucial to clearly distinguish between 
ghost and non- ghost components. 
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o 

i* i* 
Figure 3: The domains of elements of Ut and Uq-{Mo) 

If [A^] = {1, . . . , N} is a subset of M such that the set M — [N] contains no 
positive integers, we put 

ci(/:*.T) ^ ci(l:.T) - P^ur,r [^r(Mo),r(A/o)] e H\Ut,t). 

0^MocMi*rn[Af] 

(3.2) 

By Proposition 13.51 Ut^t is an ms-orbifold, while 1^t{Mo),T{Mo) is an ms- 
suborbifold of Ur^T- Thus, the cohomology class on the left-hand side of (|3.2|) 
is well-defined. We illustrate definition (|3.2|) in Figure |3] in the case I"*" = {z*} 
is a single-element set. In this figure, as well in the future ones, we denote 
spaces of tuples of stable maps by drawing a picture of the domain of a typical 
element of such a space. On the other hand, let 

vr» : Ut.t , where T/ = {Mi - [N] , h ; j^^ , d^*) ) , 

be the composition of the projection onto the ith factor with the appropriate 
forgetful map. By Lemma 2.2.2], 

ci(£**T) = 7r**Vi*, 

where ipi* is the first chern class of the universal cotangent line bundle at the 
marked point {i*,oo) over the moduli space 

'^0,{Mi-[N])U{i''}[di* , F") 

of stable rational degree-dj* maps into P" with marked points labeled by the 
set {Mi — [N]) U {i* , oo) . In particular, ci(£*.T) is the first chern class of a line 
orbi-bundle over Ur^T- Whenever the bubble type T is clear from context, we 
will write c\{L\) and c\{LX) for c\{L\T) and ci(/^*T), respectively. If M is a 
subset of M U that contains \N\ and is an M-tuple of constraints in P*^ 
such that [Xi^ fl /x^^ = for all distinct elements /i,/2 of A^, 

[z7r(o(/u)] nci(/::,T) = [Z7r(z)(/i)] r^c^{L\.^{l)) ^ 

= [Z7r(/)(Ai)] n ci{C*,^T{l)) for all / G Mi^T. 

Note that by Lemma mi U'X(j^){^) is a pseudocycle in Ur,r and thus induces 
a homology class. The first equality in (|3.3() can be deduced from ^2 Subsec- 
tion 3.2]. 
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i* i* i* 

Figure 4: An example of Definition 13. 2|) 



We are now ready to formally explain the notation involved in the statement 
of Theorem II .11 Let n, d, N be positive integers and let /i be an -tuple of 
constraints in F". If k>l, denote by Vki/J-) the quotient of the disjoint union 
of the spaces Z//r(/^) taken over all bubble types T = {[N], 1^; j, d) such that 

I+ = {!,... J}, Y.di = d, 

and Ij^ = {0} is a one-element set, by the natural action of the symmetric 
group Sk- We define the spaces Vfc(/i) similarly. Denote by 

the cohomology classes such that vr*r/Q ^ and tt*?}^ ^ are the sum of all degree-/ 
monomials in 

{ciiq), . . . ,ci(/:i)} and {ci(Li), . . . ,ci(LS)}, 

respectively, where vr: {Jq-Uj- — > ^kilA is the quotient projection map. For 
example, if /c = 2, 

7r*r?g 3 = cl{c{) + c?(4) + c?(/:i)ci(/:;) + ci(/:f )c?(/:|). 

Let Oq = evici(7pn) G i^^ (Va;(/u)) , where — > P" is the tautological line 
bundle. 

Suppose T = {M,r,j,d) and T = {M,r,j,d) are bubble types, such that 
T < T , M is a subset of M U , and /x is an M-tuple of constraints in P"'. 
Let 

Io = {i£l^ ■.di = 0}. 

Suppose /q C —I'^ and for every i (z Iq there exists h ^ such that i < h. 
We can then construct a decomposition of the spaces U^^;^{^) and U^^f{iJ,) 

which is useful in computations as follows. Let T = {M,r,j,d) be the bubble 
type given by 

M = M-[jMir and I = U |J M^t) / ~, 
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where ~ /i if z E /q and h E ({«} U -fTjT) U MiT . The set I is a graded 
hnearly ordered set, with its structure induced from /. Let di = di and ji = ji 
whenever i £ C and / E M C M. Let M' be the image of M under 
the quotient projection map I Li M — > I U M . We identify the M-tuple n of 
constraints with an M' -tuple fl of constraints in P" by 

[i]=i 

Since every degree-zero holomorphic map is constant, we obtain 

^T\f(^') ~( n '^(^uHa)uAur X UYifi)) / A{T\I+) 

_ ^ (3.4) 

c( n '^{^uHa)u^ur X Z^^(/i))/^(T|/+). 

ielo 

Here ^(iuHiT)uMiT denotes the Dehgne-Mumford moduh space of rational 
curves with marked points labeled by the set (i U HiT) U MiT , and also 
^{iuH,r)LiM,r denotes the main stratum of 9n(iu//,r)uA/,r • If J E /q C /+, 
then by definition the line bundle LjT restricts to the universal tangent line 
bundle at the marked point i over ^(i\jHiT)uM^T ■ We will denote this bundle 
by 7r;i. If di / for ah i E /+ and Mq C [N] n MiT for some z E 1+ , we will 
write T /Mq for the bubble type T corresponding to T = T{Mq) under the 
construction of this paragraph. The decomposition ()3.4|) for the bubble T{Mq) 
of Figure 01 is illustrated in Figure El 




Figure 5: An example of the decomposition l|3.4|l 



3.2 Structural descriptions 

In this subsection, we define certain bundle sections over the spaces U^-^f- 
These sections are central to this paper, as the zeros of these and closely related 
sections count rational curves with pre-specified singularities. We state a basic 
transversality lemma that implies that these sections are well-behaved over Un-\T' 
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in most cases. The general structure of the spaces U^{p) and the behavior of 
the sections near the boundary strata are described by Proposition IH.5I 

Let qs denote the standard stereographic projection C — > S'^ mapping the 
origin in C to the south pole of S'^ . Suppose 

b= {M,I;x,(j,y),u) e Bt 

and m G Z+ . If i G /+ , let 

1 Z)™-! d 



^^^^^=^.d^d-s^'''°'''^ 



(s,t)=0 



where (s,t) are the real and imaginary coordinates on C and jj'gm-i denotes 
the (m — l)st covariant derivative with respect to the Levi-Civita connection 
of some metric gb^i on P". If /i G /~ and / G M, we similarly define 



'^T'h^= —i'T-^^-r'^'-hixh+s) and V}p/b = ^uj^ {vi+s^ 

^ m\ ds^~^ ds ' s=o m\ ds"^~^ ds ^ ' s=o 

Here we take covariant derivatives with respect to some metrics g^^h and g^^i 
on P" , respectively. If / is a subset of 1^ , each metric g^^i is Kahler near evj(6) , 
and the family {gh.i\ is invariant under the action of the group of 
induces a section of Hom(Lf ™T, ev* TP") over given by 

V^:fl [6, q] = c.{Dflh, if h G Br, q g C. 

Under analogous circumstances, T^'^^\ and X^^/ induce sections of 

Hom(L:f™T,ev^TP") and Hom(L*®"T, evf TP"), 

respectively. In a certain sense, the choice of the metrics does not matter, since 
V))j ' b, Dj- f^b, and ^ b are well-defined modulo the image of the lower-order 
derivatives, and only these quotients have a geometric meaning. However, the 
method of |171 Subsection 2.5] for proving the explicit estimates of Proposi- 
tion EIHl makes use of special properties of the metric near the point where the 
derivatives are taken. Thus, we put 

9b,i = 5'P",evi(fe)) 9b,h = 5'P".,evh(fe)> and gb,l = S'P",ev;(6)) 

where g^n^. is as in Lemma 13.31 which is exactly IZt Lemma 2.1]. 

Lemma 3.3 There exist rpn > and a smooth family of Kahler metrics 

{ffp-,, : g G P"} 

on P" with the following property. If Bq{q',r) C P" denotes the g^n ^q-geodesic 
hall about q' , the triple {Bg{q, rf>?i) , J, g^n g) is isomorphic to a ball in for 
all qeF"-. 



1 D™-! d , . , 1 z)™-i d 

T-rUi,\Xh+s] and Vx-/b= — r- 7 — . 

mlds'^-^ds ''^ ^ s=o m\ds'^~^ds 
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Suppose T = {M,r,j,d) and T = {M,r,j,d) are bubble types such that 

T < T. For each k , let 7^ = {Mk, Ik', ^) be the one-component 

bubble type defined as in Subsection 13. II and let 

Tfc(T)^(M,,4;j('=),d('^))<Tfc 

be the bubble type given by 

Ik = {ife} U {h G I : h > k; h ^ h' for all h' £ I such that /i' > fc}, 

iP=i, forah/GMfc; ^''^ = 4 for all /i G /+. 

Let Z//^ J- = Ylf^i-j+ ^Tkif)\fk ^ ^ff- If M is a subset of U M, we define an 
evaluation map 

fce7+ 

'ev;(6fe), ifleMk-, 
by 7rz(ev^ jg(6)) = I ev;(6;), if Z G /+; 

^ev/(6,J, if / G 7 . 

If is an M-tuple of submanifolds in P" , let 

X [] c ;f^(M). 

/G(MnM) 

We denote by A/'A^(/i) C ^"^r ("^)| a~ (/x) ^'^^ normal bundle of A^(^) in 
^^(M) as well as an extension of this normal bundle to a neighborhood of 
A^(/i) in X^{M) . By definition, 

U;^{fi) = evZ^j^^ (A^(^)) n f and = evZ^^ (A^(Ai)) n Z^^^^. 

The following lemma and now-standard arguments, such as in jlUl Chapter 3], 
imply that Uj- q-{p) is a smooth orbifold, if /i is a tuple of constraints in general 
position: 

Lemma 3.4 Suppose u: S'^ — > P" is a holomorphic map of degree d, 
zi, . . . , Zk £ S'^ , Vi £ Tz^S'^ — {0} for i = 1, . . . ,k, and mi, . . . , mfc G Z"*". 
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If d + 1 > ^ ■ nii , the map 

i=k j=mi 

<\>: {i G r(52.n*TP") : 9^ = O} ^ r„(,^)P", </.,,,(e) = I^^'^L. 

i=i j=i 

is surjective. 

In the statement of this lemma, D^.d denotes the j'th covariant derivative 
of ^ along u in the direction of v. The meaning of the lemma is the same 
no matter what connection is used near each point. The proof is a very slight 
generalization of that of jl7| Corollary 6.3]. Lemma 41 implies that if d is 
sufficiently high, a certain section over the space of degree-d holomorphic maps 
is transverse to the zero set. In many actual computations, low, but positive- 
degree, cases will not appear for simple geometric reasons. For example, the 
space of degree-one maps whose image is a cuspidal curve is empty. Thus, if 
k = 1 and mi = 2, the relevant implication of the lemma is valid as long 
as d > 0. 

Let 

h£l+-I k£l+ 

If T is a bubble type such that / = 0, we will write J-T for Tj^T . By 

(2) of Proposition 13.51 T^-T is the "normal bundle" of ^ in U^-j-. Part 

(3) of Proposition 13.51 describes the behavior of various evaluation maps and 
bundle sections over Uf^- near the stratum ^j- of the boundary of Uff. 
However, before we can state the relevant expansions, we need to introduce 
more notation. 

If A: G 7+ , hi,h2 e Ij^ , and / G , let 

ir{hi,h2) = max{i G : i < /ii, i < /12}, ^r(^,/i2) = «r(j/,/i2); 

0, if di = for all i G [ir(/ii, /i2), hi] U [ir(/ii, /i-2), /12]; 
^ if (ij = for all i G [ir(^i, ^2), ^1] U [ir(^i, ^2), ^2] - {^2}, 



Xr,/ii(^2) 



but dh^^O; 
2, otherwise. 



Put Xhi(T) = {/i2 G /+ : XTM(h2) = 1} and XliT) = {/i2 G Xhi^) ■ h2 ^ ji] . 
If 

v=[{MJ-x,{j,y),u),{vh)^^^j+_j\eJ'fr= TkT 

kei+-i 
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and m,m' G Tj, let 

XhvMi^) = Yl n ^ ^*ir{hiM)'^'^ 

h£(iT(hi,h2),h2] ie{iT{hi,h2),h) 

yhrAv)= x,^ W Vi + yi JJ Vi€ L*^^f^^^i^T. 

h&{ir(hi,l),ji] i(^(ir{hi,l),h) i&{iT {hi ,1) ,j i] 

i€(k,iT(hi,h2)] i£(iT{hi,h2),h2] 

(3.5) 

where i^fef^ = ( ® ^.t)*-' « ( ^ ^r^""' 

iG{k,iq-{hi,h2)] i<^{'iT{hi,h2),h2] 



The map Pr^h'^^a defined if hi = k or v <^ Y{TfT; - I). Hi e - I , 

i;m') 
i]h2 



we define the map p^j'.™ ^ by H3.5|) . but with ir(^i,^2) replaced by ^ & . 



Furthermore, we define the map p^^^ by replacing /12 in ()3.5|) with the unique 
element € such that = z. We will write xi-h{'L>), PT,i,h, and Fi-hT 
for Xj,;/i(i;), pT,ji;h, and Fj^■hT , respectively, whenever / € M^. Finally, if 
di ^ for some i G [fc,J/], let a^^{l) = 1; otherwise, let a;j-^{l) = 0. In the 
former case, we put 



jt{T) 



yi;r{v) 



[min {i € : i < j/, d/i = for all /i G (i; j/]}, if (ij; = 0; 

fo, iff^i,/0; 

if dj^ = 0, 

where h e is given by i,, = if (T) if j^ij) G 

Proposition 3.5 Suppose T = (AI,I]j,d) and T = {M,I;j,d) are bubble 
types such that T < T . 

(1) The spaces l^f f and are smooth orbifolds, while Uj-f is an ms- 
orbifold. 

(2) There exist S G C(W^^;R+) and a map ^ : J'j-T^ — > lA^- such that 
4>f-j- a homeomorphism onto an open neighborhood ofUf^ in Uff, 

(j);^,^[TfTs n Y{TfT- /+ - 7)) c dUff, 
and (pf ^ : TfTs - Y{T^T\ -I) — >Uffr\WT 



Geometry & Topology, Volume 9 (2005) 



Counting rational curves of arbitrary shape 



627 



is an orientation-preserving difFeomorphism. 

(3) Furthermore, there exist normal-neighborhood models and collections of 
trivializations such that the following identities are satisfied by all elements 
keT+ and {b; v) G JP'^T^ - Y{J^fT- 1+ - I) : 

(3a) if M is a subset of I~ U M , 



where e^^: T^fT^ - Y{J'fT;I+ - I) — > eY*~~TXf{M) is a -negligible 
map; 

(3b) ifke J+ and m gZ+, 

r,k ■ 



m'=l ^ heXkiT) 

where each map 

e^f'^^ : TfTs - YiT^T; Hom{Lf"''T, ev^ TP") 

is -negligible; 
(3c) if I & M and m € z+. 



m'=m+l 

m + m' — 1 
m 



+ (-irE (( 

m'=l I ^ 



hexi(T) ) 
where ^^jl ^q-^iij) = if m' m and £^j*(-7-) is a -negligible map on 

F^Ts-Y{F^T-I+ -I). 

The expansions (3b) and (3c) above look quite complicated. However, it is 
clear from the construction that they involve monomials maps between vector 
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bundles. Figure IHl illustrates the expansion (3b) in a case when = {i*} is a 
single-element set and m = 1. Note that, while the stratum i^^-^f of Figure IHl 

has codimension three in U^, the section 'D~^\^ depends only on two parameters 
of the normal bundle, and (Si , at least up to negligible terms. Such 
bubble types T will always be hollow in the sense of Definition 12.141 and will 
not effect our computations. 



^^C-Of' 4'Ur.r(-) - {^'^'i. +41 

%* 

Figure 6: An example of the expansion (3b) of Proposition l3.5l 

One of the crucial points about the expansions (3b) and (3c) of ProDosition l531 is 
that the terms that appear between the curly brackets depend on /i, jl{T) , and 
m' , and not k, I, or m. Thus, by subtracting expansions of lower-derivatives 
with appropriate coefficients from expansions of higher-derivatives, we can get 
rather good estimates on the latter along the subspaces of the main stratum of 
a moduli space on which the former vanish; see the proofs of Lemmas 14.81 and 
I4.1U1 for example. 

Statements (1) and (2) of Proposition 13.51 are basically special cases of Theo- 
rem 2.8 in [T7|. The map 4>fr^ of Proposition 13.51 is the product of the gluing 
maps, as constructed in Subsection 3.6 of corresponding to each pair of 
bubble types Tk{T) < Tf^. Claims (3a) and (3b) are proved in Subsection 4.1 
of |18j and in Subsection 2.5 of Wf\, though only a slightly weaker version of 
the m = 1 case of (3b) is stated as part of Theorem 2.8 in ^7j- The proof 
of (3c) uses essentially the same trick as the proof of (3b) in jl7j . The dif- 
ference is that we make (jz,y/), instead of (A;,oo), a node and then use the 
explicit nature of the gluing map Tk{f) *° integration by parts as before. 
The appropriate normal-neighborhood models and collections of trivializations 
referred to in (3) are described as follows. In (3a), we use the product of 
exponential maps in every component taken with respect to the family of met- 
rics of Lemma 13.31 In (3b) and (3c), all the relevant bundles have the form 
Hom(L|^™,ev*rP"). We use parallel transport in the metric g^^i to identify 
0~ ev* TP" with tt^t. ^ ev* TP" . On the other hand, the map 0^ ^ , con- 
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structed in Subsection 3.6 of jTH], is descendant from an 5^ -equivariant map 
(h;:^ ,~, from a bundle over to U^^^ . This map (7!)=^ ^ induces an 

identification of the hne bundles ^L^T and ir^^q-LkT over T^T(,. 

Remarks (1) By the construction of the map c/)^^ ™ ^1 Subsection 3.6], 
if V is an element of T^j-T^ — Y(Tj-T\ — I) , 

4>f,r('") = {Mj;x{v),{j,y{v)),u^), 

where yi{v) = yk-i{v) for all / G M^. We use this fact in Section |2 

(2) Even in rather simple cases, the bundle J-j-T — > lA;^- ^ is not the normal 
bundle of Z^-f ^ in lA;f^^ as can be seen from Subsection 3.2 in ^Tj. State- 
ment (2) of Proposition 13.51 only implies that the restrictions of J-^T of the 
normal bundle of lAj- ^ in IAtj- ^ to Uj- ^ are isomorphic. 



4 Example 1: Rational triple- pointed curves in 
4.1 Summary 

In this section, we illustrate our computational method by proving Theorem ll.2l 
We first describe the set V\ that appears in the statement of the theorem. 
If iV = p + (; , we view \i as an [A''] -tuple of constraints in , where 

[iV] = {!,..., AT}. 

Let /i = U be a two-element graded linearly ordered set. We denote the 
unique elements of and by and 1 , respectively. Put 

To = (Mo,/i,;jW,d(°)), Ti = (Mi,/i; = (M^, Ii; Z^), rfW), 

where 

Mo = [iV], Ml = Mo U {!}, Ms = Ml U {2}; jf ^ = T for all I G Mfc; = d. 
The tuples Tq, 71, and 72 are bubble types, and we set 

^(/i) = {6 G ^/r,(/t^) : ev^(6) = ev^(6)}, 
= {6 G ^/r,(/i) : ev^(6) = ev^(6)}, 
= {6 G : ev^(6) = ev^Cft)}. 
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The cardinality of the last set is clearly six times the number of rational curves 
that have a triple point and pass through the tuple /i of points and lines in . 

Let V^i^ (fj,) and (/i) denote the closures of the space V[^\lj.) in UrAfJ-) and 
of the space U^J {fi) in (/u) , respectively. In the next subsection, we describe 
the boundary of the set (/i) and conclude that (/i) is a 3-pseudovariety 
in 1^12 ■ Thus, the map 

evjxevi^: Uf^ifi) — > F'^ x { ev^ x ev^ } (6) = ( ev^Cft), ev2(6)) , (4.1) 

is a 6-pseudocycle in P'^ xp3 in the sense of jlUl Chapter 7] and |14( Section 1] , 
ie the map H4.1() defines an element in Hq{¥^ x P^; Z) . In particular, there is a 
well-defined homology-intersection number 

((Vf )(^)» ^ (({ev^ X ev2}-i(Ap3,p3),Z7g,)(M)» 

r+s=3 

where ApSyps and H"^ denote the diagonal in P3 X P^ and a linear subspace of 
complex dimension r in P^, respectively. However, this number is not |vj^^(/x)| 
in general. Since the map ev^ x evg is transversal to a generic submanifold 
H'' X of P3 X P3, by definition, 

{{V?\f^))) = |vf ^(m + H')\ + {a^„V?{f^ + ^')> + d(4,vf )(/.)>, (4.2) 

where the spaces are defined as above, but 

with p replaced by p + 1 in the first case and with q replaced by g + 1 in the 
second case. 

(2) 

The number ((Vf^(^))) can also be obtained by perturbing the map ev^ x ev^. 
If 

9: Z^r^V) — ^ P^ X p3 
is a small perturbation of ev^ x ev2 such that 

^-HAp3xP3)naz7¥J(^) = 

and 6\u!^^ (fj.) is smooth and transversal to Ap3xp3, then 

{{v?H^^)))=^ |0~i(Ap3,p3)|. 

bmce U^\fi) = if d = 1, by Lemma m the map ev^ x ev^ is transversal to 
Ap3xp3 on ZY^^^(/i). Thus, 9 can be chosen so that 9 = evj x ev^ outside of a 



Geometry & Topology, Volume 9 (2005) 



Counting' rational curves of arbitrary shape 



631 



very small neig hborhood W of dU^^^ifi). Then, 
((vf)(/.)»= ±|0-l(Ap3,pa| 

= |vf ^(/i)| + ^|{ev^ X ev2}-^(Ap3xP3) n W\ (4.3) 
= I ^ (/i) I + C^-w ( ev^ X ev^; Apa xps) . 

The last term above is the contribution to ((V| (/x))) from the boundary of 

hS^^{^) ; it is the analogue of the term CQg{s) in ProDosition l2.18i^ If ev^ x ev^ 

maps a stratum Z of dU^^^{p,) into Apsxps, near Z the map cvy x ev^ can 
be modeled on a section of a bundle over Z . In Subsection 14.41 we use the 
topological approach of Section [21 to compute this contribution. Theorem 11.21 
follows from equations 1)4. 2|) and 1)4. 3|) and Corollarv 14.131 

Before concluding this subsection, we formally define the space V2^'^^(/u). We 
do not need this space in this section, but it is used in the next section and it is 
natural to describe its structure along with the structure of the space v[^^ (;u) . 
Let I2 = U I2 be the graded linearly ordered set such that I2 = {0} is a 
one-element set and = {1,2} is a two-element set. If T = 12] 3,d) is a 
bubble type such that = 1 and = 2, put 

Let Uj^^ be the closure of U^'' in the space Uj- or equivalently in Wt,t- We 
define V2^'^\fi) and V2^'^^(/i) to be the disjoint unions of the spaces U^\^) 
and Z//^^ {n) , respectively, taken over all bubble types T as above such that 



4.2 On the structure of U^^^{n), V^^^/i), and similar spaces 

In this subsection, we describe the closure of the space (fi) in 

UT2{fJ'), or equivalently, in Ut2- The tuple /j, can be arbitrary, and, in fact, 
can be replaced by any other projective space. Lemmas 14.11 and 14.21 imply 
that U^^{/i) is a pseudovariety in if is as in the previous subsection and 
is a pseudocycle in general. The two lemmas in particular describe the kinds 
of curves that can appear in the limit of rational one-component nodal curves, 
reproducing a known result in algebraic geometry, but in a fairly direct way. 
More importantly, we obtain a description of what happens in the limit on the 
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finer level of stable maps. The analytic expansion (3b) of Proposition 13 . 51 olavs 
a crucial role in the proof of the second lemma. We conclude this subsection 
with Lemma 14.31 which describes the structure of the space V^'^\fJ,). 

If T = (M2, 1',j,d) is a bubble type such that T < T2 and i, / € U M2, let 

XT{i,l) = max (xr,j(0>Xr,«(0); 
see Subsection 13.11 Note that by continuity of the map ev^ x ev^ , 

C {evY X ev^}"^(Ap3xp3). 

Figures [7| and |H1 summarize the three lemmas below. All other boundary strata 
are either empty or will be hollow with respect to all sections that we encounter. 
The map may be constant or not on the disk shaded light gray. The lines 
connecting two marked points indicate that the map has the same value at the 
two points. 




11 11 



Figure 7: Some boundary strata of v| \fJ.) 

Lemma 4.1 If T = (M2,I;j,d) is a bubble type such that T < T2 and 
Xr(l, 1) > 0, the map 

ev^ X ev^ : U^T^ifJ') — ^ x 
is transversal to the diagonal Apsxps. Thus, 

is a smooth submanifold of lAq-\'j'^{^) of dimension less than the dimension of 
hd^J {ji) with normal bundle isomorphic to ev~ TP^ . 

Proof The first statement is immediate from Lemma 13.41 The second claim 
follows from the first, since the dimension of IAt\t^{^) is less than the dimension 
of (z^) • □ 
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Lemma 4.2 If T is as in Lemma \4.1l but xt(1) 1) = 0, for every h G and 
k G 1^ there exists a -negligible map 

^r\h • ^'^^ ~ — ' Hom{Lf^T, evi TP^), 

where 5 is as in Proposition \3.5l such that with notation as in Proposition \3.5\ 
and with appropriate identihcations, 

{ evj X ev^ }((/>r2,r(^^)) 

oo 

fc=i h&xjir) 

for aU V G TTs - Y{TT; /+) . Thus, ZZ^^V) n Uj:,^r C 5r|r2(/") , where 

r for some Vh G LhT 1 

In particular, u'^^ nZ//r2,r is contained in a finite union of smooth subman- 
ifolds ofU'r2,T of dimension less than the dimension ofu!^J{fi). 

Proof In this case, we choose a specific identification of small neighborhoods 
of Ap3xp3 in vriTP^ and in p3 x P^: 

{{x,x),{0,w)) — > {x,exp^,^w), 

where exp^, . denotes the exponential map with respect to the metric 5p3 3.; see 
Lemma f3.3l Since xt{^A) = 0, ev^(6) = ev^(6) for all b G i^T2,T, and thus 
9b 1 ~ 9b 1 ^ ^ ^T2,T- The above expression for | evj- x ev^ }{4'T2,Tiv)) 

is then simply the "difference" between the values of evj- and ev^ at </>r2,r('y)) 
which is computable from (3b) of Proposition 13.51 

00 

{ ev^ X ev^ }(<^r2,r(t;)) = E m(''y'^^^^i^f,ri^^ 

m=l 

= E E ( E (r:i>i:t(")-"'='-».(")"'-'){< + ^?A.<"'}^rti<"' 

k=l h&xi{T) '^='^ 
00 

k=i hexi(T) 

Note that p-^^'^ = p'^'-^ for all m G Z. The last expression in (14.411 is the 
same as the right-hand side of the expansion in the statement of the lemma; see 
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Subsection 13.11 This sum is absolutely convergent for all S sufficiently small, 
since there exists C £ C{Uq-\'j'^;'R~^) such that 

< It^l foran/iGxim, {b;v)erT. 

The first inequality is immediate from the definitions of y^.^ and x-^.^, while 

the second follows from the assumption xt(1) 1) = 0. The above expansion of 
{ ev^ X ev J- } o (pj:^ 7- immediately implies that 

In fact, the opposite inclusion also holds, as can be seen from Lemma 13.41 and 
the Contraction Principle. The remaining claim of the lemma is obtained by 
simple dimension-counting from Lemma 13.41 □ 




Figure 8: Some boundary strata of V^2 '^\^) 



Lemma 4.3 Suppose T = (M2, h'jj, d) and T = (M2, /; j, d) are bubble types 
such that = 1, = 2, and T <T . 

(1) If dfi > for some h such that h < or h < j-^, the map 

ev^ X ev^ : U^^f{fi) — > x 
is transversal to the diagonal Apsxpa. Thus, 

= {evj X ev^}-i(Ap3xP3) nZ^^|^(/x) 
is a smooth submanifold ofU^^j-{n) with normal bundle isomorphic to ev~ . 

(2) If dh> for all h e such that h < or h < , 

00 

i=l,2 k=l hexiiT) 
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for all V e TTs - Y{TT; /+) . Thus, (//) nUf^C S^.M , where 



%Vh = 



ftexi(r)ux2(r) 

for some Vh G LhT such that (^^/i)hg;^^^ux2(^) ^ 

In either case, U^;^ (p,) nU;j-j- is contained in a Enite union of smooth subman- 
ifolds of Uf ^ of dimension less than the dimension of U~:^ (/x) . 

Proof The proof is essentially the same as that of Lemmas 14.11 and 14.21 The 
only change is that in the second case we first obtain expansions for ev^ — ev^ 
and evg — evg and then take their difference. □ 

4.3 Behavior of the map ev^ x ev^ near dU^^{p) 

In this subsection, we use Lemma 13.41 and Proposition 13.51 to describe the be- 
havior of ev^ X evg near the boundary of the space u'^^^ (p) . We assume that /u 
is a tuple of points and lines in as in Subsection 14.11 



Lemma 4.4 IfT = (M2, /; j, d) is a bubble type such that T < 7^ , xr(l, 2) > 
0, and xr(l,2) >0, 

{ ev^ X ev^ }~\Ap3xP3) n (Z7^^^(//) n Z^r^.r) = 0- 
Proof (1) If XT (1,1) > 0, by Lemma EH 

Since every degree-one map into is injective, the map 

ev^ X ev2: — . x 

is transversal to Ap3xp3 by Lemma 13.41 Since the complex dimension of 
u!^^^^ (^) is less than three by Lemma 14.11 it follows that 

{ ev^ X ev2 }"^(Ap3xp3) n {U^^^ (fi) DUt^^t) = 0- 

(2) If xt(T, 1) = 0, by Lemma EH 
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Since every degree-one map into is an immersion, the map 

ev^ X ev^: S^Tiif^) — xF^ 

is transversal to ApSxps by Lemma 13.41 Since the complex dimension of 
<S7-|7^(/u) is less than three by Lemma l4.2| it follows that 

{ ev^ X ev2 } "\Ap3 ) n (Z7^J (fi) n Ut2,t) =0- □ 

Lemma 4.5 IfT = (M2,/; < T2 is a bubble type such that xr(l,2) = 0, 
XT (1,2) > 0, and U^^^^{fi) + 0, then 

Z7?^^(Ai) n ^/r^.r C {ev^xev2}"'(Ap3xP3), xr(T, 1) > 0, G {1, 2}. 

Furthermore, there exist a rank-\xi{T)\ vector bundle TT — > Ut2,t j ^ mono- 
mials map p: TT — > J^T , a section a G T(U-r2,T] Hom{TT] ev~ TP'^)) , and a 
-negligible map 

e: - Y{TT- /+) — > Hom{TT, ev~ TP^) 

such that 

{ ev^ X ev2 } (</'r2,r(f )) = {a + e{v)}p{v) for all v € TT s - Y{rT; /+). 

The vector-bundle map a is injective over U^^^^{p) . Finally, if = XiC^) . P 
is the identity map, and 

"(^) = XI ~ ^^y^ ^ '^r]h"h for all V = {vh)h&xi{T) ^ 

Proof The first two claims of the first sentence are clear; the third follows by 
dimension-counting from Lemma 13.41 On the other hand, equation (|4.4() with 
1 replaced by 2 gives 

{evj;xev2}(0r2,r(^^)) 

= E K;2(^)--2;.(^))"H<U%,2;.M}p?2i(^)- 

Thus, we define the monomials map p = {ph)h(^x\{T) ^"^^ linear map a by: 

Ph{v)= n '^{i'^h)h&xi{T)) = Yl {yh-^-'^%hy^ ^^r]h^h, 
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where 

~ ^h' if h' G (i7-(2, /i); /i] and i^, = Z7-(2,/i); 

Xh', if /i' G («t(2, /i); and i+ = ir(2, /i). 
We write 5 = {M, I; x, {j,y),u) as before; then Xh and are sections of a 



bundle over Uq-^^^q-. By Lemma ITU the map a is injective over u!^)^ {fi). □ 



Lemma 4.6 If T = (M2, 1;j,d) is a bubble type such that T < T2, 

Xr(T,l) = xr(T,2) = xr(l,2) = 0, 
and Sq-^j-^dj,) 0, |xj^(T)| G {1,2}. Furthermore, the following properties hold. 

(1) There exist a rank-\xi{T)\ vector bundle TT — > ^r\T2' section 

a G r {Ur\T2 ; Homi^T, evi TP^)) , 
and a monomials map and -negligible map 

p,e: TT- Y{TT; /+) — > TT, Hom{TT, ev~ TF^) 

such that 

{ evj; X evg } {4>T2,r{v)) = {a + s{v)}p{v) 
for all V G TTs such that 4>t2,t{v) G hl!^^ . 

(2) If Xii'T) = {h} is a single-element set, a is injective over S'x\'j-^{p). If, in 
addition, I^ = xii'T) , then 

p{vh) = V (>S>v 

for all V G J-T and 

O^i^h) = (2/2 ~ ^h)'"^ ® - Xh)'^ «) - 2/1) ® '^T^^h 

for ati V e TT = TT®'^ . 

(3) If \xi{T)\ > 1, there exist a line bundle C — > Ut\T2 > ^ section 

Q+ G 

and a monomials map and a -negligible map 

p+,e+ : TT - Y{TT; /+) — > £, Hom{TT, C* ev^ TP^) 
such that a+ © a is injective over Sq-^q-^ (p) , 

a+\Y{TT,{hi]) and a+\Y {TT , {h2}) 
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are onto Im(a+) over St-\'x^{^), and 

{ ev^ X ev^ }((/>r2,r(f)) = p+{v) O {«+ + e+{v)}p{v) 

for all V G J^Ts — Y[TT\ /+) . If, in addition, /+ = XiC^) = {^i) ^2}, P is the 
identity map, and 

o^iu) = im- Xh2y^ ® (^2 - ^h^y^ ®{y2- Xhi)"^ ®{y2-yi) 

for all V = {vhi ,Vh2) G ^Tg . 

Proof (1) The first statement of this lemma follows from Lemma 13.41 by 
dimension-counting. If Xi('^) = {h} is a single-element set, the remaining 
claims are obtained by subtracting the expansion of {ev^ x ev^} o (pT^^j- given 
in Lemma l4. 21 times 

{yi.^{v) - x~^.yv)) (yi-aM - xj.yv)y^ 

from the corresponding expression for {evj x ev^} o (pT^^T ■ 

(2) If |xi(T)| > 1, /i G Xi(^), and ^ = 1,2, we put 

iq-{h) = max {ir(^i ^),iT{h, 2)}, 
= max {iril, h) : h £ Xi('^)}) ^(0 = ^i'^ {*r(^ h) : h G Xii'^)}- 

If hi G Xi(^) is such that either iT{hi,l) = i'^ihi) or i'r{hi,2) = i^{2) , we 
subtract the expansion of {ev^ x ev^} o (pT2,T given in Lemma 14.21 times 

(yi;l(^) - (2/l;2(^) " (^)) 

from the corresponding expression for {ev^ x evg} o (pj-^^T and then take the 
leading term. □ 

4.4 Computation of the number (^v^ x ev^; ApSxps) 

We are now ready to compute the term C n(6Vy xev^; ApSxps) appear- 
ing in equation 1)4. 3() . We perturb the map ev^ x evg to a new continuous 
map ^ on U-j-^ such that the image of dlA'j-^ (/i) under 9 is disjoint from Aps^ps 
and 0\lA^\p) is smooth and transversal to Aps^ps. In order to achieve these 
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requirements, it is sufficient to perturb evj x ev^ very slightly on a small neigh- 
borhood W of 

aZ7^J(^) n {ev^ X ev^}-i(Ap3xp3). 

Then, 

Along the set dU^^ (fi) D {evj x ev2}~"'^(Ap3xp3) , the maps ev^ x evg and 6 can 
be viewed as sections of the bundle ev~ TP^ . Thus, we can apply the termi- 
nology and the computational method of Section |21 to determine the number of 
zeros of a small perturbation of evj^ x ev^ near 

du'^^ifj.) n {evj x ev2}~"^(Ap3xp3). 

Of course, we cannot "cut off" the map near the entire boundary of U^^{fj,), 
as was done for vector-bundle sections in Subsection 12.31 However, the entire 
approach of Subsection 12.31 goes through, since {evj x ev2}"^(Ap3xp3) is well- 
defined on all of the space U^^{fi), and not just on {ix) . 

We prove Corollarv 14.131 which expresses the boundary contribution 

in terms of level 1 numbers, by computing contributions from the individual 
strata Ut2,t ■ We split the computation into four cases, depending on whether 
Xr(l,2) and xt(1,2) are zero or not. By Lemma [4.41 if xt(1,2) ^ and 
Xr(l5 2) 7^ 0, the space Wr2,T makes no contribution. The case xt(1,2) = 
and xt(1;2) 7^ is handled in Lemma |4.71 Figure El shows the three possi- 
bilities for non-hollow spaces Ut^^t . In all three cases, we express the contri- 
bution from the stratum in terms of the number N{ai) of zeros of an affine 
map between vector bundles. However, in two of the cases, this number is 
zero, basically for dimensional reasons; the remaining number is computed in 
Lemma 14.81 The case xt(1,2) 7^ and X7-(l,2) = is symmetric to the one 
just considered and no separate computation is needed. The remaining case 
is dealt with in Lemma 14.121 Figure ^2 shows the three possibilities for non- 
hollow spaces Z//t2,T) but in all three cases the corresponding number A^(ai) is 
zero for dimensional reasons. In both figures, the numbers above the arrows 
show the multiplicity with which the corresponding number N{ai) enters into 

^dU^rl (P) ^ ^ ^^2; xps) • 

Before proceeding with the actual proofs, we formally define more spaces of 
tuples of stable genus-zero maps that appear in the statements of Theorems ll.21 
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and 11.31 and describe curves pictured in Figure ^ First, let 
5i(;u) = {6GZ^^,(/i):P^l6 = 0} 

and let Si{fi) be the closure of in Uj-q - If T = {Mq, I2; j,d) , let 

1^'j^\vi + 1^^^\v2 = for some (6; vj, t^) G LjT - Z^r}- 

We denote by 52(^) the quotient of the disjoint union of the spaces SrifJ-), 
taken over all bubble types T as above such that d^, ^2 > and + d2 = d, 
by the natural action of the symmetric group 82- Finally, if T = (Mi,l2;j,d) 
is a bubble type such that = 1 , let 

U!^\^) = {be Urifi) ■■ evj{b) = ev^(6)}. 

We denote by V2^\fi) the disjoint union of the spaces u!^\n) , taken over all 
bubble types T as above such that dj, > and dj + d2 = d. 
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Figure 9: An outline of the proof of Lemma IT77I 



Lemma 4.7 Suppose T = {M2, 1] j, d) is a bubble type such that T < T2, 
Xr(T,2) = 0, and xt(T,2) > 0. 

(1) If |/+| > |xi(^)|, u!^\fi) is (ev^ X ev^, ApSxps) -iioiJow, and thus 
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(2) If \I+\ = \xi{r)\ = I, \M~^T\ G {1,2}. If \MjT\ = 2, 

Cut^,t ( evj; X ev^; Apsxps) = 0. 

If \M~T\ = I, 

Cwr^.r ( xev2;Ap3xp3) = {Qo^^ + Aa^ciiC^ + c\{C\) + |52(/u)| 

-|v(')(/i)|-(8a^ + 4ci(/:;),5i(^)>. 

(3) If |/+| = \xi{T)\ = 2, C2^^^^^(ev^ xev^; Ap3xP3) = 0. 

Proof (1) By Lemma lO i^^) ^^T2,T C u!^l^^{fj.). With appropriate 

identifications, u!^^j-^{n) is the zero set of the section evT2,Mo®{^^i~^^i) of 
the bundle 

ev^^_,,,„A/-Ar,(A^)eeviTp3 

over an open neighborhood of u!^^j-^{fi) in IAj-.^^t . By Lemma l3.41 this section is 
transversal to the zero set, since the constraints ^ are assumed to be in general 
position. By Proposition 13. 5( there exists a -negligible map 

e_ : TTs - Y{TT- /+) ev^^^^fo ^^r^ (/«) e evf TP^ 

such that 

{ evr2,Afo X ev^ x ev^ } {4>T2,T{b; v)) = { ewTiMo ^ ev^ ^ ev^ }(^) + ^^-(^5 ^) 
for all (6; u) € — Y{TT; I^)- On the other hand, by Lemma 14.51 
{evYxev2}(</.r2,r(t^)) = {a + e{v)] p{v) ^ qy\T¥^ 

for all V € J-Ts* — Y{J^T; I^) , where a is a linear map, which is injective 
over Z//^y^^(/x), and its domain is a vector bundle of rank Thus, if 

> \xi{T)\, then U^^^^{^j) is (ev^ x evg, ApSxps) -hollow, and 

Cut2,t ( X evg; ApSxps) = 
by Proposition 12. 18B| or Lemma 12.201 and Lemma l4. 11 

(2) On the other hand, if \I~^\ = \xi{T)\^ by the above and Lemma 14.51 
u!^^^^{lj.) is (evj^ X evg, ApSxps) -regular, and by ProDosition l2.18Bl and rescaling 
of the linear map, 

Cut2.t ( X ev^; Apsxps) = N{a), where 
aGr(^/^y^^(/i);Hom(^T,evirp3)), a{v) = ^ {y^ - xh)'' ® V^rW' 
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provided a is a regular section, as is implied by what follows. Since the map 
J^T= L{r®LhT^T= LhT, ^ [y^^ - x^)'^ Vh, 

is simply a rescaling of factors over (/^) , 

Cur\T2 ( ^ ^^2' '^P^xps) = -^("0) where 
a' Gr(z7^|V,(/x);Hom(.F,evirp3)), a^v) = ^ 'D^^h^h- 

Note that with respect to the decomposition (|H.4|) . shown in Figure IHl the 
linear map a' comes entirely from the second factor. Thus, if the first factor is 
positive-dimensional, N^a') = 0, ie 

CuT2,r ( X ev^; Apsxps) = 

unless \xi{T) \ = 1 and \M^T\ = 1. If = 1 and \M^T\ = 1, we conclude 

that 

Ci^T2,r(evY X evg; ApSxps) = N{ai), where 
ai G r(vS'^(;u);Hom(L^Ti,evJrp3)), ai{v) = V^^lv. 

The number N{ai) is computed below. □ 

Lemma 4.8 If ai G r(v[^^ (/i); Hom{Lj, evi TP^)) is given by ai = v'^\ , 

iV(ai) = (6a| + 4aoCi(/:i) + cl{Cr) ,V? (f,)) + |52(^)| - \vi'\fi)\ 

-(8a| + 4ci(/:i),5i(^)>. 

Proof (1) Since ai does not vanish on v[^\fj,) by Lemma 13.41 by Proposi- 
tions I2.18AI and 12.18 HI 

iV(ai) = (6a| + 4aoCi(L;) + cUq) ,V^^\^^)) - C^p(i)(^)(«^), (4.5) 

where aj~ denotes the composition of ai with the projection vr^ onto the 
quotient d of eviTP^ by a generic trivial line subbundle Cz/i . Figure 1101 

shows the five types of boundary strata that are not -hollow. Contributions 
from the first two are computed in (2) below, from the following two in (3), and 
from the last one in (4) below. 
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Figure 10: An outline of the proof of Lemma 



(2) If T < Ti and xr(l,l) > 0, vf\iJ.) nUr,,r C by Lemma O 

By Proposition 13.51 

■D^^^~^{<pT„Tiv)) = {I^?,h + eh{v))ph{v), where 

ph{v) = n ^ ^ - ^(•^^;^'+). 

iG(l,/i] 

and for some C'^-negligible maps 

Sh : ^T5. - Y{TT; /+) ^ Hom(L;,T, evi TP^). 

Let ^feT denote the hne bundle determined by ph- By Lemma 13.41 the map 



/(I) 



Qeometry & Topology, Volume 9 (2005) 



644 



Aleksey Zinger 



is injective over l^q-^j-^ (/u) • If J^i is generic, the same is true of the map 
a'^: L\T ® Oi, { {v) ] {v) = ^ J] V^^\vh v. 

By the same argument as in (1) of the proof of Lemma l4.7( 

Cur^^rio^i) = unless /+ = Xi(^)- 

If = X'ii'^)-, by dimension-counting either 

|/+| = |^~(r)| = 1 and [Af^TI = 1 or 

\I^\ = \xi{T)\=2 and \M~T\ = Q. 

In the second case, the map is an isomorphism on every fiber of over 
the finite set u!^^j-^{fi) . Thus, by Proposition 12.1851 

Note that the sum of the numbers 1^^^^^^ (/^)| , taken over all bubble types T <Ti 
such that 

|/+| = \xi{r) \ = 2 and \M~T\ = 0, 

is |V2^^(/i)|. On the other hand, if = Xi('^) = {h} is a single-element set 
and iMjT"! = 1, ie T = 7i(/) for some I e [N], by Proposition I2.18BI and the 
decomposition (|3.4I) . 

^u^^l {/.)("^) = ^("2), where as G r(z7^^^/,(^); Hom(L;„ Oi)) 

is the map induced by 02, ie the composition of with the projection 

-Kp^ onto the quotient Oi of evJ TP^ by a generic line subbundle Cz^i . Thus, 
by Lemma 14.91 

E Cwr,(oir,(4) = (4ao + ci(Li),vg(M)> -2|5i;i(/x)|. 

Summing up the above contributions, we find that 

Ci,,^,^(af) = |V^')(^)| + (4ag + ci(L;),vg(^)>-2|5i;i(/.)|. (4.6) 

xt{T,i)>o 

In (|4.6() . denotes the disjoint union of the sets 

To;; = (Mo - = {0 = /} U /+, 
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taken over all I € [N]. The space V|./(^) is the disjoint union of the sets 

(/^) = e Ur,, (/i) : ev^(6) = ev^(6) } , where 
r^-i = {Mi-{l},h{l);j,d), 

taken over all I G [N] . As usual, Vi^](/u) denotes the closure of v{\^(//) inside of 
a union of moduli spaces of stable maps. More geometrically, the image of every 
element of Si-i{^) (of v[^l{iJ.)) has a cusp (a node) at one of the constraints 

(3) If T < Ti and xr(T,T) = 0, vj^^/i) nZ^n.r C 5r|ri(/") by Lemma Ol On 
the other hand, by Lemma ITU S']-\'j-^{fj.) = unless G {1)2}. Suppose 

Xi(S^) = {h} is a single-element set. With appropriate identifications, S']-\j--^{fj,) 
is the zero set of the section evrj ,Mo ©"^r i bundle 

ev^^,A.fo^^ri(/x)©L;;®evirp3 

defined over a neighborhood of Sq-^q^lp) in Z^Ti.t- By Lemma 13.41 this section 
is transverse to the zero set. By Proposition 13.51 and Lemma 14.21 

evri,Mo {(l)Ti,T{b;v)) = evri,A/o(^) + ^~;i{b;v), 

{evj X ev^}(<Ar„r(tO) = (y,,;T " ^;,;t)^' ® + ^-;2(^)}/'rli(^) 

for all (h]v) G .^^T^ — Y(TT; I^) and some C^-negligible maps 

e_;i, e_;2 : - y(.FT; /+) eY*r,,Mo ^^r, {l^),Ll ® ev^ TF\ 

On the other hand, subtracting {yj.i{v) — xj.f^{v)^ times the expansion of 

{ev^ X ev^} o 4'Ti,T in Lemma 14.21 from the expansion of ^^^^ ° '^^^i.^ ('^^) 
Proposition 13. 5| we obtain 

where p{v) = ff^ Uj, 

*e(xr(i,/i),/i] ie(i,xr(i,/i)] 

for all V G such that (j)Ti,T{'>j) G ^•7^^(/^) ^^id for some -negligible map 

e : TTs - Y{J^T; /+) — > L*®^ ® ev^ TPl 

By Lemma 13.41 ^^^-^^ does not vanish over S'j\'j^{p?) , and neither does the 
linear map 

a'2 : HT'®^ ^L\T®Oi, { Q'2 } {v) = 4^ P^'^^^S 
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provided z/i is generic. Thus, S'x\ri{fJ^) is -hollow unless = xjC^) ■ On 
the other hand, if = Xi(^), by Proposition I2.18BI a rescaling of the linear 
map, and the decomposition (|3.4|) . 

Cur^^rMi^i) = 2^^(«2), where 
a2 G rp^^^^j^,,,^^^ X Sr{^^)■ Hom(7rtLi 7r*^Lf,7riq ^ d)) , 

«2(i?)=vr,^,o{p|)^{y}. 
By dimension-counting, [M^TI G {1,2}. If |Mj;T| = 2, ie M^T = {2,/} for 

(2) 

some / G [A^] , is a finite set and h "^^^^ ^'-'^ vanish. Thus, by 

Pronositions l2.18Al and l2.18RI 

J2 Cur.rM) = 2(ci(if),%,MuM,r>l'5l;l(/i)| = 2|5i;i(m)|. 

Xr(l,l)=0,lAfiri=2 

If |M^r| = 1, that is, MjT = {2}, by Propositions 12.1 8AI and 12.1 8RI and 
Lemma 14. lUl 

N{a2) = (4ag + 2ci(/:i), 5i(^)> - |52(/i)|. 
Thus, summing up the above contributions, we obtain 

Ci,^^,^(a^) = (8ag + 4ci(£i),5i(;u)> + 2|5i;i(/i)|-2|52(;u)|. 

xr(l,l)=0,|ximi=l 

(4.7) 

(4) Finally, if T < Ti, xtO--,^) = 0) Xi('^) = {^1)^2} is a two-element 
set, the section T>^''^_^ does not vanish over the set S']-\'j-^{^) . We denote by 

TTh,: evirp3^Imp5-i^ and ev^ TP^ ^ ii;;,, 

the orthogonal projections, defined over a neighborhood of Sq-^qi^n) in Uji^T, 
onto ImP^^^^ and its orthogonal complement Ei in eviTP^. With appropriate 

identifications, Sq-^i-^^fi) is the zero set of the section ev7-i,Mo ^'^h^ ° ■^t'/i2 
the bundle 

defined over a neighborhood of Sq-iTiif^) iii ^Ti,T- By Lemma ll-{.4[ this section 
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is transverse to the zero set. By Proposition 13.51 and Lemma 14.21 

evri,Afo {(pTuTib-jv)) = evri,Mo(^) +^-,i{b;v), 

for all {b;v) G J-Ts — Y{TT; I^) and some -negligible maps 

e_;i,e_;2, TTs-Y{TT-I+) 

ev5-^ AAAti (/i) , Ll^ ^ ^/^i , L;; Im . 

However, subtracting the expansion of {ev^ x ev^} o </>ri,T in Lemma 14.21 mul- 
tiplied by {vi.iiv) — xj.f^_^{v)) from the expansion of ° 4'Ti,T in (3b) of 
Proposition 13.51 we find that 

?(^' 



for all V G J'Ts such that (I)Ti,t{v) G where p is a monomials map on 

J-T with values in a rank- two bundle , 

a'2: TT — ^L^OeviTP^ 
is a linear map, such that a+ a is injective over W^^^(|u), and 
e: TT - Y{TT\ /+) — > Hom(^r, L\ evi TP^) 
is a C'' -negligible map. Explicitly, if / = xiC^), P is the identity map, and 

Thus, if ui is generic, Sq-\ji{p) is a^^-hollow unless = XiC^) ■ If = 
Xi{T), by dimension-counting MjT = {2} if Sq-^j-^du,) ^ 0, and by Proposi- 
tion [J^^BJ rescaling of the linear map, and the decomposition (|3.4j) . 

Csrir,(p)('^i) = ^("2), where 
a2 G r(M^^_^_^^ X 5:^(/x);Hom«L; ® vrJLi Oi)), 
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The set is finite and does not vanish. Thus, by Propositions 12.18X1 

and l2.18Bl 

Cur.rM) = (ci(^t)'%,1,/.i,/..}^>I'52(/.)| = (4.8) 

XT(l,l)=0,|Ximi=2 

The claim follows by plugging equations H4.6I) . ()4.7p . and (|4.8() into (|4.5() and 
using and □ 

Lemma 4.9 Jf Oi — > v[j](/u) is tiie quotient of the bundle eviTP^ by 
a generic trivial line subbundle Ci>i, iTp^: eviTP^ — > Oi is the quotient 

projection, and G r(v[^](/u); ffoinfLr, Oi)) is given by 02 = vr^ °T^^}^ r 
on U^^^^ ifi) , 

iV(«2) = (4ao + ci(L;), Vg(/i)> - 2|5i;i(/i)|. 

Proof Rv Propositions 12.1 8AI and 12.1 8HL 

N{a2) = (4ao + ci(Li), vg(^)> - C^y(i)(^)(a^), (4.9) 

where denotes the composition of Q2 with the projection vr^ onto the 
quotient O2 of Oi by a generic trivial line subbundle CP2 • Suppose 



is a bubble type such that ~ vanishes somewhere on Vi|](^)nZ^ri.i,r • Then, 



T={Mi,I;j,d) <T^,l 

by Lemmas |331 EUl and [IHl 

T = Ti;Kl) and V^^if^) nUT,,,r C Sr\T,,M)- 
By the same argument as in (3) of the proof of Lemma 14.81 

We conclude that 

Cgp(i)(^)(4) = 2|5i;i(M)|. (4.10) 
The claim follows from (|4.9|) and H4.1U() . □ 

Lemma 4.10 Jf Oi — > '5i(/i) is tiie quotient of the bundle eviTP^ by a 
generic trivial line subbundle C^i, vTp^ : eviTP^ — > Oi is the quotient pro- 
jection, and 02 € r(5i(//); Hom{L~'^ , Oi)) is given by Q2 = vr^^ o 

iV(a2) = (4ag + 2ci(/:i),5i(^)> - |52(/.)|. 
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Proof ( 1 ) By Propositions I2.18AI and I2.18B1 

N{a2) = <4ao + 2ci(Li),5i(M)> -Cg5^(^)(a2^), (4.11) 

where denotes the composition of a2 with the projection tt^ onto the 
quotient O2 of Oi by a generic trivial hne subbundle We now use the 

expansion (3d) of Proposition 13.51 to describe the boundary strata of 5i(/u) 
and compute the contribution of each stratum to C^^^^^^^ (0^2") • Our description 
shows that dSi{fi) is a finite set and thus Si{fi) is a one-pseudovariety in Vi(;u) 
and Vi . 

(2) If T = (Mo , I; i, d) < To , by Proposition IT^ 

Oro,r(-)= E + where f^^(v)= H v., 

hexiiT) ... . ^^^^^^^ 

for all f G sufficiently small. Thus, Si{fi) CiUt-q^t is contained in the finite 

(2) 

set S']-\-j-g{fi) . If dj 0, section T^j-^ r^ does not vanish on Sq-\To{^^) and thus 
Z^TITo does not contribute to CQg^f^^^{a2) , since ^^''^^ is defined everywhere 
on 5i(/u). 

(3) If = and Sr\TM 0, /+ = XiC^) and \x~^{T)\ G {1,2}. Suppose 
X];('?") = {h} is a single-element set, ie T = Tq{1) for some I G [A^] . With 

appropriate identifications, St\To{p) is the zero set of the section ev7-o,Mo ft 
of the bundle 

defined over a neighborhood of Sq-\To{f^) iii ^%,T- By Lemma 13.41 this section 
is transverse to the zero set. By Proposition 13.51 and Lemma 14.21 

evro,Mo {4>ro,r{h\v)) = evTo,Mo{b) +e-.i{b;v), 

for all {b;v) G J-Ts — Y{TT\I^) and some -negligible maps 

e_;i,e_;2: - y(.FT; /+) ^ ev^-^^^o A/'A7l,(/u), L^; evl TP^. 

On the other hand, subtracting the expansion of X^^^~o</'7^,t of (3d) of Proposi- 

tion l3.51 times x/j from the expansion of T))^ ~o(f)%^T of (3d) of Proposition 1531 
we obtain 

2^J^yro,r(^^) = {vPh + J^)}^ ® ^ for aU i; G ^T^ with 0ro,r(^^) 6 
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By Lemma 13.41 I^^ /j does not vanish on the finite set Sr\ToifJ') ■ Thus, by 
Proposition EHH 

Cu^^^rM{ai)=2\Si,i{fi)\. (4.12) 

lxi(r)|=i 

(4) If XiC^) = {^17^2} is a two-element set, the section ^^^^^^^ does not 
vanish over the set Sq-\j-g{fi) . Let tt/i^ , vr^^ , and E^-^ be as in (4) of the proof 
of Lemma 14.81 Similarly to the previous case, St\Tq{ii) is the zero set of the 
section 

of the bundle ev^^ MAj-q (/^) ® defined over a neighborhood of 

Sq-\jg{n) in U'ro,T- By Lemma im this section is transverse to the zero set. By 
Proposition 13.51 and Lemma 14.21 

evTo.Afo {(t>ro,T{b;v)) = evTo,Mo(.b) +e-.i{b;v), 

for all {b;v) G J^Ts — Y{TT;I^) and some C^-negligible maps e_;2, e+;/i • 
On the other hand, subtracting the expansion of ^^^-o^-j-^ , T of (3d) of Proposi- 

tion l3.5l times Xh^ from the expansion of ~o(t>To,T of (3d) of Proposition 
we obtain 

for all f G J^Ts such that 4>ro,r{v) G Si{^), 

where e is a C°-negligible map. Since 2?^^^ does not vanish on (/u) , from 
Proposition 12. 18B1 we conclude that 

Cz,^|^j^)(a^) = |52(/.)|. (4.13) 

lxi(r)|=2 

The claim follows by plugging equations (|4.12j) and (|4.13|) into (|4.11|) and using 
(HT^ and (jnSl). □ 

Lemma 4.11 Suppose T = {M2, 1; j, d) is a bubble type such that T < T2, 
Xr(T,2) >0,and xr(T,2) = 0. 

(1) If |/+| / 1 or \Mj.T\ / 1, Ciy^^^^(ev^ x ev^; Apsxpa) = 0. 
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(2) If |/+| = 1 and \Mj.T\ = 1, 

Cur^ri^n X ev^; Apsxps) = (6a| + 4agCi(/:i) + c?(£i), vS'^(/i)> 

+ |52(/i)| - \vi'\fi)\ - (8a| + 4ci(£i),5i(/z)>. 

Proof This lemma follows from Lemma 14.71 bv symmetry. □ 

Remark These contributions can be computed directly, ie similarly to the 
proof of Lemma 14.71 and in fact one finds a somewhat different expression for 
the contribution in (2). What this means is that we have found a relationship 
between certain intersection numbers: 

{8a^,c,iq)Mi\f^)) + 2\vi'\fi)\ = (4ao -r/5^„V?''^M)> + |vg°'J}(^)|. (4.14) 

Here ^^(^'1^ (a*) denotes a set of tuples of stable maps whose cardinality is six 
times the number of rational curves that pass through the constraints fi and 
have the form described by the last picture of Figure ^ Using Lemma 2.2.2 
in jllj . it is possible to restate the relation (|4.14|) in terms of numbers of rational 
curves of various shapes. 

Lemma 4.12 If T = (Al2,I;j,d) is a bubble type such that T < T2 and 
Xr(T,2) = xr(l,2) = 0, 

^Wr2,r ( x ev^; Apsxps) = 0. 
Proof (1) Since Xt(1, 1) = 0, by Lemma g^l 

If 57-17-2 (^) 7^ ^' ^ {152}. If h is the unique element of xii"^) ^ mix- 

ing the argument in (1) of the proof of Lemma 14.71 with (3) of the proof of 
Lemma f4.8l we find that S-r^'j-^{fj.) is {ev^ x evg, Apsxps) -hollow unless = 

Xi(T). On the other hand, if /+ = xtC^) = {h} , by Proposition 12. 18B1 the 
decomposition (|3.4I) . and a rescaling of the linear map, 

Cu^r^ r (^^1 X evg; ApSxps) = 2N{ai), where 

Since jM^TI > 2, the first factor is positive-dimensional, while the linear 
map ai comes entirely from the second factor. Thus, 

Cwr2,T(evY X ev^; ApSxps) = 0. 
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Figure 11: An outline of the proof of Lemma [4. 121 

(2) If Xi(^) = {^1) ^2} is a two-element set, the section "D^^ does not vanish 
over the set S'j-\T2 (/^) • Mixing (1) of the proof of Lemma [4.7l with (4) of the proof 
of Lemma l4.8l we find that Sq-\T2if^) is (ev^ x ev^, Apsxps) -hollow unless I"*" = 
X-^{T). On the other hand, if = Xi(^) = {hi,h2}, by Proposition 12.1851 
the decomposition (|3.4() . and a rescaling of the linear map, 

Cur^ r ( evj- x eVg; ApSxps) = A^(ai), where 
«i e ^'^{XMM-\UM-T X 5:^(/^);vr2*Hom(L;,, eL;,„Imp(i) eevirp3)), 

Since |M^T| > 2, the first factor is positive-dimensional, while the linear 
map cti comes entirely from the second factor. Thus, 

Cwr2,T ( X ev2; ApSxps) =0. □ 

Corollary 4.13 The contribution from the boundary to the number {{Vl (/i))) 
is given by 

-2|vf^(/x)|-(l6ag + 8?7g„5i(/i)>. 

Proof This corollary follows immediately from Lemmas I4.1H4.41 14.71 14.111 
andim □ 
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5 Example 2: Rational tacnodal curves in 
5.1 Summary 

In this section, we prove Theorem II. (-il The general approach is the same as in 
Section 0] If 71 is the bubble type as defined in Section [IJ let 

si'Hf,) = {(6, [vj,v^]) G F{Lj © Li) ^ ^ : b G v['\f,), Vj^^^{b, [v~„ v^]) = O} 

where Vjj G T{F{Lj © Li)\vi'^ (/x); 72,eLi ® evi TP^) , 

The set S[^\^l) can be identified with the set of rational one-component tac- 
nodal curves passing through the constraints /x, but with a choice of a branch 
at each node. In particular, the cardinality of the set s[^\n) is twice the 
enumerative number of Theorem 11.31 

Note that section ^ does not extend continuously over all of the boundary of 

Vi\n). In fact, this can be seen from (3c) of Proposition Nevertheless, the 
behavior of this section can be understood everywhere. By Proposition 12.1861 
and equation (|2.16() . we have 

\si'\fi)\ = (6a| + ciiq)Ml\^^)) - C9^iL,^L:){-Du), (5-1) 

where Cgp(2,-eii)(^T i) P^i ^contribution from the boundary strata of 

P(Ly © L~) to the euler class of 72-®l; ©eviTP^. This contribution is com- 
puted in the rest of this section. Theorem 11.31 is obtained by plugging the 
expressions of Corollaries 15.31 and 15.91 into 1)5. If) and then using identities p.2|l 
and 

Before proceeding with our computation of the contributions from various 
strata, we observe that the section D^^ extends over V^i\fj.) r]L{ri,T if 

T={Mi,I;j,d) <Ti 

is a bubble type such that = 1 , as can be seen from Proposition 13.51 If in 
addition dj^ 0, by Lemmas I3.4l and l4.11 I^^T cloes not vanish over 

vS'^(/.)n^/T„r c4?r,(/^)- 

Thus, such spaces Uti^t do not contribute to Cgp(i-0/^;)(2>j;^) and will not be 
considered below. 
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5.2 Contributions from the spaces Ur^^r with xri^A) = ^ 

In this subsection, we prove Corollarv l5.31 which gives the total contribution to 
^9P{Li®l;)(^T i) from all the spaces Ur^^q--, where 

r=(Mi,I;j,d) <Ti 

is a bubble type such that xt(1; 1) = 0. We use Lemma W7R which describes 
the intersection v[^^(/x) nZ//ri,r, along with Proposition 13.51 

Figure IT^ shows the three types of boundary strata v[^'*(^) nZ^ri.T such that 

nLl®L't)\V?{^Ji)nUr,,r 
is not contained in a finite union of ^-hollow sets. For such boundary strata, 

is a union of two f^^gular subsets: a section over the base v[^^(/u) riUri,T 
and its complement. Each number in the odd rows of the last column in Fig- 
ure^] gives the multiplicity with which the number N{a) of zeros of an affine 
map over the larger I?^ j--regular set enters into Cgp(^i^Qi*-j{'D'^^) ; each number 
in the even rows gives such a multiplicity for the smaller set. Lemma l5. II com- 
putes the contributions from the first two types of boundary strata of Figure IT^ 
Lemma l5 . 21 deals with remaining one. 




Figure 12: An outline of Subsection 15. 21 
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Lemma 5.1 Suppose T = {Mi, I; j, d) is a bubble type such that T < Ti, 
Xr(T,l) = 0, and \xi{T)\ = l. 

(1) If |/+[ > |XiC^)l, "^{Li e Lf)\Sr\rM) ^'s a Unite union of Vjj-hoUow 
subsets and thus 

(2) If\T+\ = \xi{T)\ andM~,T={l}, 

Cp(L,eL|)|«r„r(^i,T) = (20ao + 19ci(/:i), 5i(/i)> - ll|52(/i)|. 

(3) If = \xi{T)\ and M~T = {1, /} for some le[N], 

Cp(LjeLp|Wri,r(^T,T) = '^\S%/l{^J)\■ 

Proof (1) Let h be the unique element of Xii"^) ■ By Lemma 14.21 

Vf^(^) nZ^r^r c Sr\TA^^) ^ [b a Kr\rM ■ = O}. 
With appropriate identifications, Sq-\'j-^{pi) is the zero set of the section 

evri,Mo e^^r.i 

of the bundle 

defined over a neighborhood of St\-j-^{^) in Uq-^^r- By Lemma IXH this section 
is transverse to the zero set. By Proposition 13.51 and Lemma l4.2| 

evTi.Afo {(t)Ti,r{h;v)) = evTuMoib) +e--i{b;v), 

for all {b;v) G — Y[TT;I^) and some C^-negligible maps 

e_;i, e_;2 : - Y{rT- T+) eY*r,,Mo ^^rM,Ll ev^ TPl 

(2) Subtracting the expansion of {ev^ x ev^} o cpj^ 7- of Lemma H?^ multiplied 
by 

(yT;i(^) - ^i-hi^)) and by - {yj.jiv) - xj.j^{v)) 

from the expansions of T)^^- o 07-i,T and T)^^^ o 0Ti,T; respectively, given by 
Proposition 13.51 we obtain 

^^i,i0ri,T(K,t^];^^) = {a + e{v)}p{v) 

for all ([t/j, t^]; i;) G with 4'Ti,Tiv) £ vj"'^\ 
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where p is a monomials map on TT with values in a line bundle J-T , 

is a linear map, and 

e: J^T- Y{J^T; /+) Hom(^T, ® evi TP^) 

is a C'' -negligible map. Explicitly, 

p(v)= H vf® J] V*, 

i&{iT{h,l),h] ie{l,iT{h,l)] 

^ f(2/M-^i;h)^'^^ + ^' if zr(/i,T) = 1; 

if iT(/i,T) > 1. 

In particular, a is an injective linear map outside of a section Zq- of P(Ly®L~) 
over Sr\T^{^i). Thus, P(L^ Li)|5r|ri(M) - is P^; ^-hollow unless 7+ = 
If = by Proposition I2.18B1 the decomposition (|.S.4j) . and a 

rescaling of the linear map, 

Cp(L^©L;)[5T|riaO--Hr(^i,i) = 2A^(ai), where 
Qi G r(P.Fx 5:3^(/i);Hom(7>0Lf2,7>®eviTp3)), 

If Mj-T = {1, /} for some / € [A^] , does not vanish on the finite set S^ifJ-) 

and thus 

Cp(L,eLp|5r|r,(M)-2r(^T,T) = 2(3A^ - SA^. + A?., P.F> | = 0. (5.2) 

If MjT = {!}, T = To, and by Pronositions 12.1 8AI and 12.1 SRI and iden- 
tity 

Cp(L~,®Li)|5r|riM-2r(^,T) = '^{{^% + 2ci(Li), 5i(^)> - C^-i(o) ("f )) • 

(2) — l 

The zero set of ai is precisely PJT x j (0). From the argument in (3) 
and (4) of the proof of Lemma l4.1()[ we obtain 

Ca-\oM) = (A^,P-^>(2|5i;i(^)| + \S2{fi)\) = 2|5i;i(^)| + |52(^)|. 

Putting the last two equations together, we conclude that if MjT = {!}, 

Cp(L,eL;)|5r|r,(M)-2r(^l,l) = + ^c, {£*-), Si{fi)) - 2\S2{fi)\. (5.3) 
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(3) In order to compute the contribution from the space Zq-, we keep the two 
leading terms of the expression for D^T obtained as in (2). We can model a 
neighborhood of Zj- in P{Lj © L~) by the map 

If i'r{l,h) = 1, near Zq- , 

- (y-iri - ^1; ^ ^ ^ (^ri + ^^{u, v))Pr%^{v)- 

Note that by Lemma 13.41 the images of T^q-\^ and T^q-\^ are distinct over 

(Sg-ij-j (/i) . If i'T{l,h) > 1, we similarly find Zq- is I>jj^-hollow unless = 

Xi{T). If 1+ = Xii'^)^ by Proposition I2.18BI the decomposition p.4p . and a 
rescaling of the linear map, 

Cz^{T>l'^) = 3N{ai), where 

ai € T{Zr; Hom(7> (g) L®^ © 7^ Lf ; 7> (g) evi TP^)) , 

C X ^ = © Li ^ %,MuM,r' 

If M^T = {1, /} for some / € [N] , ai has full rank over Zq- and thus 

J2 CzriVi^) = 3 J] (3A^ - 2\r,Zr)\S^{ij)\ = 3|5i;i(^)|. (5.4) 

M~^T={l,l} 'e[Af] 

If M~T = {!}, 'Zt ~ and 

C2r(^T,i) = ^A^C^i) = (12«6 + 15ci (/:;), 5i(;u)> - 9|cS2(/x)|; (5.5) 
see |171 Lemma 5.12]. The claim follows from equations ()5.2p - ()5.5() . □ 

Lemma 5.2 Suppose T = (Mi,/;j,d) is a bubble type such that T < Ti, 
Xr(T,l) = 0, and |xi(T)| = 2. 

(1) If |/+| > Ixt(^)|, lF'(-^^i © Li)\Sr\TAp) a ignite union of T^^-hoUow 
subsets and thus 

Cp(L^^eL;)|WTi,r(^T,i) = 0- 

(2) If \T+\ = |xi(T)|, MjT = {1} ifSrirAl-^) + 0, and 

X] '^IP{^'i®i|)l'^ri,r(^i,i) = 2|52(^)|, 

r<ri 
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where the sum is taken over all equivalence classes of bubble types of the above 
form. 

Proof The proof is a mixture of the proof of Lemma l5 . 1 1 with (2) of the proof 
of Lemma 14.121 thus, we omit it. □ 

Corollary 5.3 The total contribution from the boundary strata Wti,t such 
that xt{^, 1) = to the number Cqp(^i^^^i:)(J^ii) Is given by 

J2 CnL,S^L:mr„ri'^iri) = (20ag + 19r/g,,5i(A.)> -9|52(/i)| +3|5i;i(/i)|. 
Xr(T,l)=0 

Proof This Corollary follows immediately from Lemmas 15.11 and 15 . 21 □ 

5.3 Contributions from the spaces Wr|ri with xt(1, 1) > 

In this subsection, we prove Corollarv l5.91 which gives the total contribution to 
the number C5p(^^02.;)(^i i) from the spaces Uti,t, where 

T = {M,,I;j,d) <Ti 

is a bubble type such that XTi^, 1) > 0. Note that by the last paragraph of 
Subsection 15.11 it is sufficient to consider bubble types T such that > 1. 

Figure IT^ shows the three types of boundary strata Vi^''(^) riUri,T such that 

F{Lj(Bq)\V?{fi)nUT,,T 

is not contained in a finite union of ^-hollow sets. As in Subsection 15.21 we 
have to split each space 

¥{Lj(BL*~)\V^^\f,)nUr,,r 

into two or three subspaces, as indicated on the right-hand side of Figure 1131 
Lemma 15.41 computes the contributions from the first two types of boundary 
strata of Figure El Lemma l5 . 71 deals with remaining one. 

Lemma 5.4 Suppose T = (Mi, I; j,d) is a bubble type such that T < Ti, 

Xr{l,l) > 0, and di = 0. (1) If\I+\ > \xi{T)\, ^(L~^®Li)\U^^1^_^{^i) is a finite 
union of Vj^~hollow subspaces and thus 

Cp(L~^eL;)|Wri,r(^,l) = 0- 
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X (rill— »- Lemma 15.51 
J<1 



xl 



Lemma 15.61 



T>i j; -neutral 
2>j J- -hollow 



X_(rili-»- Lemma 1^1^ 
2>j ^ -hollow 



Figm'e 13: An outline of Subsection 15. 31 



(2) The total contribution from the boundary strata l^Ti,T such that \I^\ 
IXiC^)l = 1 is given by 

Yl Cp{I-i©L|)|iYr„r(^,i) = (ci(Li), Vg(/x)) - 3|5i;i(/z)|. 

\T+\=\xiir)\=i 

(3) The total contribution from the boundary strata Uti,T such that 
IXiC^)l = 2 is given by 

I?+I=lxi(r)|=2 
Proof (1) By Lemma H?T1 

With appropriate identifications, Z^/^^^^ (a*) is the zero set of the section 

evri,Mo ©(evj--evj) 



of the bundle 



over an open neighborhood of V(!^^j-^{iJ.) in Ur^^r- By Lemma 1231 this section 
is transversal to the zero set. By Proposition 13. 5( there exists a -negligible 
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map 

e- : TTs - Y{TT- /+) ev*r,,Mo ^^T, (/i) ev^ TF' 

such that 

{ evri,Mo X ev^ x ev^ } {4>Ti,T{b; v)) = { evr-^,Mo x ev^ x ev^ } (b) + e_ (6; v) 
for ah (6; t;) G — Y{FT\ /+) . On the other hand, by Proposition 13.51 
^^T,i'^Ti,r(K,t^];t^) = {a + e(i;)}/5(i;) for all v G .FT^ - y(.FT; /+). 
In this equation, p is the monomials map on defined by 

'PrrirS^)^ if/iGX,,m-XiCr); 

with values in the bundle = ^^^jJ^^T, where 

The linear map a : J-T — > ^j^, ® evJ TP^ is given by 



(1) 



3{(T) 



Vh, 



if/iGXr,m-Xi(T); 



In particular, by Lemma 13.41 a has full rank over outside of the set 



a h < for all h G Xii'^)^ 



^L^UFLi, otherwise. 



As usual, 

is a C'' -negligible map. Thus, 



Hom(.FT,72^g5i.®evirp3 



Qeometry & Topology, Volume 9 (2005) 



Counting' rational curves of arbitrary shape 



661 



is I?Yi~hollow unless = /. Since xt{^A) > and = 0, if 1+ = / 

and Ur\rM') + either T = for some / G [iV] or |/+| = !xiC^)| = 2 

and Mj-T = 0. In the second case, the matrix corresponding to the monomials 
map p is 

/-l 
1, 1 

Thus, p is neutral, and 

ze[Af] ^ 

In the first case, the degree of p is —1. Thus, by Proposition 12. 18Bl a rescaling 
of the linear map, and the decomposition H3.4|) . we obtain 

E Cp(L,eLJ)|^.«,,, (,)-2,(^T,i) = ^here 
l?+l=lxi(r)|=i 

ai e r(pi X Vg(/i); Hom(7* ® Li, 7* ® evi TP^)) , \U^r}lAix) = V^^^^^^^. 
Thus, by Lemma 1^31 

IG[N] ' (5.7) 

+ 2|5i;i(/i)|-|vg^)(/i)|. 

The space V2^^^^(^) is the disjoint union of sets 

U^\p) = {beUT{fi): ev^(6) = ev^ib)}, 
taken over all bubble types T = {M2 — {I}, hil)', j,d) , where 

/2(/) = {0 = /}U/2^, j^=T, j2=^, di,d2>0, and di + d^ = d. 

The image of every element of V^{^\p) has two components arranged in a 
circle, as in the fifth picture of Figure with one of the two nodes lying on one 
of the constraints pi, . . . , p^ . 

(3) We next consider the contribution from the space FL^\uf^^^{p). We model 
a neighborhood of FLj in P(Ly © L~) by the map 
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{Ph{u,v),a{vh)) 



In this case, with notation as in (2) above, / = Xj-^i'^) U Xii'^)i 

As before a has full rank on FL-^\u!^^j-^{fx) . Thus, FL^\L(^^j-^{^) is "D^ i "^loHo'^ 

unless either T = Ti{l) for some / G [iV] or |/+| = \xi{T)\ = 2 and M~T = 0. 
In both cases, the degree of p is one. In the second case, a is an isomorphism 
on every fiber, and thus 

l?+l=lxi{r)|=2 

In the first case, via the decomposition H3.4() . we obtain 

ECpL,<,,,(,)(^,i) = ^(«i)' -here 

ai G r(vS'J(/i);Hom(L^eLi,evirp3)), 

Thus, by Lemma EEl 

E ^lPiil"r|T,(o(^T,i) = (4ao'^S(/^)> " 5|5i;i(;u)| + \V^^f {p)\. (5.9) 

(4) Finally, it is easy to see that the set PL~|Z//^y^^ is I>j-^ -hollow. Indeed, in 

this case, the target bundle J-T has the same rank as the target in case (2), 
but the domain of p \s L-^® L^® ■, instead of J-T . Thus, the claim follows 
from equations H5.6() ~ H5.9I) . □ 

Lemma 5.5 If ai G r(pi x v[^](/i); Hom(7* Li, 7* ® evi TP^)) is given by 

iV(ai) = (4ao - ci(Li), vSJJl^u)) - 2|5i;i(/i)| + |vg(^)|. 

Proof ( 1 ) By Propositions I2.18AI and I2.18B1 

iV(ai) = (4ao - ci(Li), vg(/x)> - C^.^g^w^^^-^iai), (5-10) 
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where ai denotes the composition of ai with the projection map onto the 
quotient Oi of 7* (8) evi TP^ by generic trivial hne subbundle Cz/i . Suppose 
T < Ti-i is a bubble type such that 

Vg(/x)nz^r,„r7^0. 

(2) If xt(T, 1) > 0, by Lemma SH 

and thus J"*" = {h} is a single-element set. Furthermore, dj ^ 0, since our 
constraints /u are disjoint. Thus, if = 1 , ai extends over P-^ x ^ (m) ) and 
this extension does not vanish by Lemma IH. 41 It follows that P^ x Uti.i,t does 
not contribute to C j=tjW, If Jt = ^ a-iid d/j = 0, by Proposition 13.51 

ai again has a nonvanishing extension over P^ x Z//^^^ ^ (/u) . Thus, we only need 
to consider the case ji = h and dj,dh > 0. By Proposition 13.51 

ai{^r,,,r{^)) = + e{v)}v* for all v e TTs - Y{J^T; {h}). 

Since ^^^^ does not vanish on ul^^^-^ ^{fi) , from Proposition 12. 18B| we conclude 
that 

Yl Cv^xUT^.^^ri^i) = -^(^■i) ■\^2]i^\f^)\^ ^^^^^ 
Xr(l,l)>0 

Q2 E r(P^Hom(C,CV7)) 
is a nonvanishing section. Thus, by Proposition 12.18"^ 

1^ Cr.^Ur,.^^^^{ai) = -\V^f\fi)\. (5.11) 
xr(T,i)>0 

(3) If xt(T, 1) = 0, by Lemma EH 

Thus, I"*" = {h} is again a single-element set. Adding the expansion of ev^ x ev^ 
of Lemma 14.21 times (yv — Xh)~^ to the expansion of P^'* ^ of (3c) of Proposi- 
tion 13.51 we obtain 

ai(0ri„r(f)) = -(^t - x;,)-^ o {P^^^^ + e(u)}i; ® v 

for all f € TTs such that 0ri.;,r('y) £ "^'ri- 
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Thus, as in the second half of (2) of the proof of Lemma 14.81 we can conclude 
that 

X] CpixWr(o.r(«]^) = 2^("2) • where 
xr(l,l)=0 

02 € r(pi;Hom(C,CV7)) 
is a nonvanishing section. Thus, by Proposition 12.18"^ 

J2 Cpixw^^^^,^(af) = 2|5i;i(/.)|. (5.12) 

xt{T,i)=o 

The claim follows from equations H5.1U() - (|5.12|) . □ 
Lemma 5.6 If ai G r(vSjJ (/i); Hom{L~^ Li, evi TP^)) is given by 

for all l£[N], 

Niai) = (4ag, Vg(/i)> - 5|5i;i(;u)| + \vSf\f^)\. 

Proof (1) Let T= Lj(BLi. By Propositions I2.18AI and I2.18B1 

iV(ai) = (4ag, Vg(^)> - ), (5-13) 

where af' denotes the composition of the section 

5i G r(P.F;Hom(7^,4^eviTp3)), 

induced by a, with the projection map onto the quotient Oi of vTp^eviTP^ by 
generic trivial line subbundle C^i. Suppose T < Ti-i is a bubble type such that 

(2) If XT (1,1) > 0, then 



vS(/x)nZ^r,„ry^0. 



vg(^)nZ^r,„rcZi^^)^^^^(^), 

= {/i} is a single-element set, and d-^ ^ 0. As before, we only need to 
consider the case = h and d^,dh > 0. By Proposition 13.51 

5i(0ri„r(K'^]'^)) = {t^^2?^'^^ + £(t^)}t^* for all i; G^T^-y (.FT; {/i}). 



Geometry & Topology, Volume 9 (2005) 



Counting' rational curves of arbitrary shape 



665 



where e is a C -negligible map. Since the linear map i>j ^ ^q- i does not 
vanish outside of the set Zt = PL^, by Proposition 13.51 and a rescaling of the 
linear map, 

*^p.^|w(') = -^(«2) • |vj^i^^(^)|, where 

xr{l,l)>0 

a2 Gr(pi;Hom(7*,7*(8)C2)) 
is a nonvanishing section. Thus, by Proposition 12.18"^ 

xr(l,l)>0 

On the other hand, we can model a neighborhood of Zq- in by the map 

Since by Proposition 13.51 

5i(0ri.,,r(K,i^],M,^')) = {l?^^^ + i;* + P^j + ei(^^) 

for all V G J^T^ - Y{TT; {h}), 

it follows that Zr\u!j^^j-^ ^{^) is a^-hollow. Thus, 

1^ C^:p\u^^^^^^{ai) = -\V^^f{^l)\. (5.14) 

Xt(1,1)>0 

(3) Ifxr(T,l) = 0, 

and = {K} is a single-element set. Subtracting the expansion of ev^ x ev^ 
of Lemma 14.21 times 

(yj - Xh) and times (i/j - Xh)~^ 
from the expansions of T)^}^ ~ and T)^}) - in Proposition 13.51 we obtain 

-{yi- Xh)-^ ®{v-^® V%\ + 
for all V G such that 0ri.;,r(t') £ "l^r i • Let 

= {\v~^,v^ G P.F : + (yj - x?,)-2-ug = G L^}. 
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Similarly to the argument in (2) of the proof of Lemma 15.41 from the above we 
can conclude that 

XI Cp^|5r|Ti.;(M)-2r("]^) = 2A^("2) • where 
xr(l,l)=0 

aa Gr(pi;Hom(7*,7*®C2)) 
is a nonvanishing section. Thus, by Lemma I2.18AI 

xr{T,l)=0 

On the other hand, the same argument as in (3) of the proof of Lemma 15.41 
shows that 

Thus, we conclude that 

J2 Cpr\Ur,,,ri^i) = ^\Sl-Af^)\- (5.15) 

Xr(T,l)=0 

The claim follows from equations (|5.13|) - (|5.15|) . □ 

Lemma 5.7 Suppose T = {Mi,I;j,d) is a bubble type such that T < Ti, 
Xr(l, 1) > 0, and dj > 0. 

(1) If = T, |/+| / 1, or dj. = 0, F{Lj e Li)\u!j^^^^ is a finite union of 
Vj^-hoUow subspaces and thus 

Cp(L^eL*)|Wri,r(^T,l) = 0- 

(2) The total contribution from the boundary spaces Uti,t such that > 1, 
= 1, and dj^ > 0, is given by 

Proof (1) We proceed as in (1) of the proof of Lemma 15.41 In particular, we 
have 

Vj^^(t>T,,T{[vj,v^];v) = {a + e{v)}p{v) for all v G TTs - Y{TT;P). 
In this equation, p is the monomials map on J^T defined by 

ip%^,{v), if/iGx,,m-Xi(T); 
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with values in the bundle 



^r, where J ' ^ ^ -n^^^ - -^^^^ 



The linear map a : — > Il-^l: ® -^^^ given by 



In particular, by Lemma EiH a has full rank over U^^j-_^{fi) outside of the set 
Zt = FLj. Thus, 

P(L^eLi)|4y^^(/x)-Zr 

is "hollow unless /"^ = {h} is a one-element set, = h, and dh ^ 0- If 

= {/i}, = /i, and d/i / 0, the degree of the map p is —1, and from 
Prop osition 12 ■ 1 8B] and a rescaling of the linear map, 



a'l G r(P^; Hom(7> L^;, 7> evi TP^)) , 



Thus, using Lemma 15.81 another rescaling of the linear map, and an obvious 
symmetry, we obtain 

r ' 1 1^' ^ii^i^''^ ^ (5.16) 



+ |vf^(/x)|+2|52(/i)|. 



Finally, it is easy to see that the set Z'r\L{!^^j-^{fi) is ^--hollow for all bubble 
types T. □ 

Lemma 5.8 Suppose T = {M2,l2',j,d) is a bubble type such that 
= 1, = 2, d^,d2> 0, and dj + d^ = d, 

and T — > ^ff ^ rank-two vector bundle such that ci{T)\U^;p (fi) = 0. If 
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is given by ai{vi) = 'D~:^~vi, 

iV(ai) = (4ao + ci{q),l(f (f,)) - |4'/i(/^)| " \^f/{i,2}il')\- 

In other words, the sum of the numbers N{ai) taken over aU bubble types T 
over the above form is given by 

r 

Proof By Proposition l2.18Al and the assumption ci{J^)\U~.\fi) = 0, 

iV(ai) = (4ag + ci(L;),Z7^)(/i)> -Cp^|^-a)(^^(a^), (5.17) 

where ai denotes the composition of ai with the projection map onto the 
quotient Oi of 7* (S) evi TF^ by generic trivial hne subbundle Cz^i . Suppose 

T = {M2,I;j,d) is a bubble type such that T <T and 

The section ai extends over FT\dU^~\^i). Moreover, bv Lemmas Ol and mi 
this extension does not vanish unless = 0. Thus, in computing the number 
Cp^l^— (1)^ ^(a^), we only need to consider bubble types T such that = 0. 

(2) Ifd2/0,then 

and T = T(l) or T = T{1) for some I G [A^] PI M^T . Moreover, by Proposi- 
tion EIHl 

ai{(l}f ,j-{v)) = {V^^'^f^ + e{v)}v for all v e TTs, 

if h is the unique element of . Thus, by the same argument as in (1) of the 
proof of Lemma 15.41 we conclude that 

^p^iw(^) (uM^ = where G r{¥' x i7^')^(/x); Hom(C, C/7)) 

is a nonvanishing section. Thus, from Proposition I2.18AI and the decomposi- 
tion (|3.4p . we obtain 

d^>0 ' lG[N]nM'^T 
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(3) Ifd2 = 0,theii 

= 1, = 2, (1-^ = d2 = 0, and = 2. Furthermore, 

ai{(j)f .j-{v)) = + e{v)}vh^ for all v = {vh^.Vh^) G TTs, 

if = {/ii, /12} and hi = j^. By an argument similar to (4) of Lemma 14.81 we 
conclude that 

Cp^|5^l^{^)(a^) = N{a2), where 03 G r(P^ x Hom(C, C/7)) 

is a nonvanishing section. Thus, from Proposition I2.18AI and the decomposi- 
tion (|3.4|1 . we obtain 

The claim follows by plugging equations 1)5. 18|) and (|5.19|) into 1)5. 17|) and us- 
ing and □ 

Remark By the second rescaling of the linear map referred to in the proof of 
Lemma [5.7l the number N{ai) of Lemma [5 . 71 does not change if we replace 

\ ^•^ '^^fV -^^^^^^'^i ^ direct computation, ie using Propositions I2.18AI 
I2.18BL and ESI gives a slightly different answer. As a result, we obtain yet 
another enumerative relationship: 

2(r/o.pV^'^(/.)> = |vg';;;}(^)|. 

Corollary 5.9 The total contribution from the boundary strata Uti,t such 
that xt(1, 1) > to the number Cgp(^i^^i*-^(Vj^) is given by 

xr(T,T)=l 

+2|V^')(/x)|+2|52(m)|-3|5i;i(m)|. 
Proof This Corollary follows immediately from Lemmas 15.41 and 15.71 □ 



Geometry & Topology, Volume 9 (2005) 



670 



Aleksey Zinger 



6 Level 1 numbers 

6.1 Evaluation of cohomology classes on the spaces vj^^(/i) 

In this subsection, we evaluate various tautological classes on the space v["^^ (^) 
and compute the other level 1 numbers of Lemma ll.81 We again use the com- 
putational method of Section |21 but first we represent each cohomology class 
by a vector-bundle section s on neighborhood of Uj-^^ (/i) in Uj--^ . We choose 
this section s so that it is smooth and transversal to the zero set on all the 
strata of Uj-^ (fi) , as well as on a finite number of natural submanifolds of the 
strata. We will impose additional restrictions on each given section to simplify 
our computations. 

Lemma 6.1 With assumptions as in (2) of Lemma li. 81 

{a-^Mi\f^)) = {{2d - 6)a| - 4a|77o,i " ag^?| Vi(m)> + (af, Vi(/x + H^)) 

Proof (1) In this case, we choose a generic hyperplane in P^, instead of 
a section of eviC(lp3). Let Jl be the M = [N] U {0}-tuple of constraints in 
p3 given by 

Jll = fil foralUG[iV]; 110 = H^- 
By Proposition 13. 5| Uti {Jl) is a pseudovariety in Uf^ , and thus 

ev^ X ev^ : Uf^ {Jl) — > x 
is a 6-pseudocycle and determines the homology-intersection number 

((ag, VS'^(^)» ^ {{Vi'\jl))) = (({ev^ X ev^,rH^F^xF^),^r,{Jl))) 

= E (({eViXev^}-i(F^xF^),Z7r, (/!))>, (e.i) 

r+s=3 

= 2d{al,Vi{fi)) + {al,Vi{i^ + H')). 
By the same argument as in Subsection 14.11 

{a-oMi\l^)) = \v['\jl)\ = {{%Mi\l^)))-C9j;i^^^^^^^ (6.2) 

where Cg^^ (fi){^^i ^ ^v^, Apsxps) is the contribution of dUTi{Jl) to {{v[^\jl))) 
to be computed as in Subsection 14.41 
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(2) If r = {Mi,I;j,d) < Ti is a bubble type such that xr(l,l) > 0, the 
map ev^ x ev^ is transversal to ApSxps on U-riTiip) by Lemma mi Thus, the 
image of l^T\Tiil'-) is disjoint from Apsxps, and ^/riTi does not contribute to 
^dUr (a») ( ^ ^^1' ^P^xP^) • Thus, from now on, we assume that xt(1) 1) = 0. 
Note that Ur\T^{Jj) = unless \Xi{T)\ e {1,2}. 

(3) With appropriate identifications, l^r\ri(fi) is the zero set of the section 
ev^^ of the bundle ev^ —MAqiiJi) over an open neighborhood of Uq-\Ti{V') 
in Uji^q-. By Lemma 13.41 this section is transversal to the zero set. By Propo- 
sition there exists a -negligible map 



e_ : J^Ts - Y{TT- 1+) ev^. ^^ AAAri(/I) 



such that 



ev 



for all (6; v) S ^Tg — Y{J^T; . On the other hand, by Lemma 14.21 
{ ev^ X ev^ }0ri,r(^^) = Yl (yfiA " ^i-^h)'^ ® {^r,h + ^hiv)}ph{v), 

where ph{v) = Vi, 
ieiirih,2),h] 

for all V € J^Ts ■ Since the linear map, 

is injective over Uq-\'j--^{Jl) by Lemma ITU Uq-\q-^ is (ev^ x ev^, Apsxps) -hollow 

unless X'ii'^) = I'^ ■ If Xi('^) = -^^5 by Proposition 12. 181^ decomposition (|3.4p . 
and a rescaling of the linear map, 

Cu^^rj ( ^ ^'^i' ^P^xps) = A^(ai), where 
ai G rp^^^^^^^(^)^^,^^^ X ^/^(/I);7r2*Hom(.F,eviTp3)), = ^ 

Since the linear map ai comes entirely from the second factor, N{ai) = 
unless \xi{T) \ + \MjT\ = 2. 

(4) Thus, we only need to consider the case \xi{T)\ = 1 and MjT = {1} and 
to compute the number N{ai), where 

ai = V^^l € r(^7^,(/I);Hom(L^,evirp3)). 
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Since ai does not vanish on Utq (/i) by Lemma 13.41 by Propositions I2.18AI 
and l2.18B[ 

iV(ai) = (6a| + 4aoCi(Li) + c?(Li),Z77^,(/I)> - Cg^^^^~^{ai), (6.3) 

where aj~ denotes the composition of ai with the projection vr^ onto the 
quotient d of evi TF^ by a generic trivial hne subbundle Ci^i . 

(5) If T = (Mq, I;j,d) < To is a bubble type such that dj > 0, the section ai 
does not vanish over U-j-^-j-gCjl) by Lemma|H31 if i^i is generic. Thus, Wr|7f) does 
not contribute to C^^^ If = 0) by (3b) of Proposition 13.51 

where P^J.^l^) =11^^' 

ie(T,/i] 

for all V G .FT sufficiently small. Thus, as before, we conclude that Uq-^j-^ijl) 
is a]'--hollow unless /"*" = X'li'^) ■ If = Xi(^)) either T = Tq{1) for some 
^ G [A^] or |/+| = \Xi{T)\ = 2 and |M^T| = 0. Thus, by Proposition I2.18BI and 
decomposition (|3.4|) . 

Cw^l^Ja^) = 7V(a2), where as G T (%(/!); Hom(.F2, d)) , 
Fi= Lh, Oi =evirPVCi>i, a2(t^) = 4 E ^T.S' 

In either case, 02 does not vanish on UYiJi), and thus, by Propositions 12.18"^ 
and 12.1 8RI 

Caur.iJiM) = E <4ao + ci(Li),Z7ro//(/I)> + |V2(/I)|. (6.4) 

iG[iV] 

The lemma follows from equations H6.1() - (|6.4() and by using 1)3. 2() and 1)3. 3(1 . □ 
Lemma 6.2 With assumptions as in (3) of Lemma ll. 81 
(a|, ^(/i)) = 2(a|, Vi(/i + H^)) - (44r/g ^ + a|r^2 ^, Vi(m)) + (a|, V2(/i)>. 

Proof The proof is nearly identical to that of Lemma l6.ll □ 
Lemma 6.3 With assumptions as in (3) of Lemma li. 81 

+d(a|7?g_^, Vi(/z)> - (4a| + a^r^^^, V2(/x)>. 
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Proof (1) Let M = Mq U {0} and let /i be the Af -tuple of constraints given 
by ]li = Hi for all / € [N] and JIq = . If s is a section of the bundle C~ over 

a neighborhood of Uti (a*) in such that s is transversal to the zero set on 
all smooth strata of (fJ-) , the map 



l/'n\ t7',\ V Ti])3 ^, TijS 



ev^ X evj- : s (0) fl Uri {jj) 



X 



is a 6-pseudocycle. In particular, we have a well-defined intersection number, 

= (({ev^ X ev^}-^(Ap3xP3),s-^(0) nZ7ri(/I)» 
= (aoCi(£i), Vi(/x + //0)> + (a|ci(£i), Vi(^ + H^)) 

+ d(a|ci(/:i),Vi(;u)>. 

(6.5) 

As before. 



XoCi(/:i),vl'^(/.)>= ±|.-i(o)nv;'^(/i)| 

= ((aoCi(/:2),vf^(^)» -Cg^ ,~)(evjxev^,Ap3xp3), 



(6.6) 

where C^^^ ^ ^v^-, Apsxps) is the contribution of s~^(0) n dUriiJi) to 

(2) If T = (Mi,/;j,d) < Ti is a bubble type such that xr(l,l) > 0, the 
map ev^ x ev^ is transversal to Apsxps on lAq-^T^iJi) by Lemma 13.41 Thus, if s 
is chosen to be transversal to the zero set on the set {evj- x ev^}~-'^(Ap3xp3) PI 

s-i(O) n {ev^ X ev^}-i(Ap3xp3) n^/^|7-^(/I) = 0, 

and Ur\Ti does not contribute to Cqjj^ ^-^ ( ev^; x eVj-, Apsxpa) • If Xt(1, 1) = 0, 
it can be assumed that s is transversal to the zero set on the submanifold 
5-7-|7-j (//) , ie that s~^(0) n 5-2-|ri(/^) = 0- Then, as in the proofs of Lemma IHTTl 
and 16.21 we can conclude that s~^(0) r\Uq-\q-^{ii) is (ev^ x ev^, ApSxps) -hollow 

unless Xi C^) = ■ 

(3) We can also assume that section is constant along the fibers of the 
bundle J-T over an open subset ICq- of ^7-1-7-^ that contains all of the finitely 
many zeros of the map affine map 
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over s ^{0) riUq-^q-iifJ-) for a generic section z/ G r(Z^'7-[-j-j (/x); evi TP^) . Then, as 
before, 

CwriTi (^^1 ^ ^'^i' ^P^xpa) = N{ai), where 
ai G r(s-Ho) n (%,^.^(r),A/jr x %(/^));Hom(^,evirp3)), 

(4) If ci(£~)|Z^7-|7-^(;u) = 0, we can choose s so that 

s-Ho) niiriTM = ^- 

Thus, we only need to compute contributions A^(ai) from the strata 1^t\Ti{i^) 
to which ci(/2~) restricts non-trivially. By dimension-counting, S {1,2} 

if Ur\rM) 7^ 0. If \Xi{T)\ = 1, either M~T = {1} or M~T = {!,/} for some 
I G [A^] . In either case, ci{C~) restricts trivially to U-riTiip-)- On the other 
hand, if |xi(^)| = 2 and MjT = {1,1} for some / G [iV], N{ai) = 0, because 
the second factor in the decomposition (|ll4j) is a finite set of points, while 
the map ai comes entirely from the second factor. In the remaining case, ie 
|Xi('?')| = 2 and MjT = {!}, ci{C~) is the pullback of the poincare dual of a 
point by the projection map tti . Thus, in this case, 

CwriTi ( ^ ^'^i' ^P^xpa) = N{ai), where 
ai Gr(Z^^(/I);Hom(^,evirp3)), ai{v) = ^ '^r,h'"^- 

Since ai has full rank on all of Uq-\q-^{jl) , by Propositions I2.18AI and l2.18Bl 

iV(ai) = (4a^+ (ci(L^J + ci(L;;J),Z7^(/I)> -Cp^|g^_(~)(5f), (6.7) 

where 5^ denotes the composition of the linear map 

5i G r Hom(7^, 4^ evi TP^)) 

with the projection onto the quotient of vrpj^eviTP^ by a generic trivial line 
subbundle CPi . If 

T' = (Mo,I';i',d') <^ 

is a bubble type such that Si vanishes somewhere on '^T\Uq-,yf{'fl) , T' = T{1) 
for some I G [A'^] and 
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as can be seen from Lemma 13.41 From Proposition 13.51 we then conclude that 

Thus, summing equation 1)6. 7() over all bubble type T and using (|3.2() and 1)3. 3() . 
we obtain 

Caz7ri(«(«^i ^^^'^P^xps) = (4ag+ (ci(/:i) +ci(/:i)),V2(/I)). (6.8) 
The claim follows from equations 1)6. 5() . 1)6. 6p . and (|6.8() . □ 

Lemma 6.4 Witii assumptions as in (3) of Lemma ll. 81 

Proof (1) We proceed as in the proof of Lemma 16.31 Let s be a section of 
C~(BC~ with good properties. Then, we have a well-defined homology inter- 
section number 

= {{{evj X ev^}-i(Ap3xP3),s"^(0) nZ7Ti(/i)» 

= E {cl{q)ala^,,llrAf^)) (6.9) 

q+r=3 

= (c?(/:i), Vi(/. + {H'})) + (aoC?(/:i), Vi(/z + {H'})) 
+ d ■ <afc?(/:i), Vi(/z)> + 4(a|ci(£;), Vi(^ + {H'})). 
A little care is required to obtain the last equality above. For example, note that 

(c?(£i)4,Z7r,(^)> = (c?(/:i), Vi(^ + {H^})) + (a|ci(/:i), Vi(/i + {H^})), 
with our definitions; see (|3.2|) . As before, 

(c?(/:i),vS')(/.)>= ±1.-1(0) nvS')(/.)| 



((c?(/:~),vfV)» -Cai7^^(^)(evY X ev^, Apsxps), 



(6.10) 



where Cgj^^ (^)(^^i ^ ev^-, Apsxps) is the contribution of s (0) n dUriifJ') to 

((s-i(o)nvV^(^))). 

(2) If T = (Ml, I;j,d) < 71 is a bubble type such that xt{^, 1) > 0, as in the 
proof of Lemma EH the space U-riTi does not contribute to 

C9Z7ti(/.)(^^1 ^^^I'^P^xPO- 
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If xt{^, 1) = 0, but /+ 7^ ^r\ri{lA is (evj x ev^jApSxps) -hollow and 

again does not contribute to Cqjj^ (^)(^^i ^ sv^, ApSxps). If = Xi(^)) by 
dimension-counting 

|Xi(T)| G {1, 2}, M~T = {1} or M~T = {1, /} for some / G [iV], 
OR |xTmi=3, M~T = {1]. 
In all cases, but the last, c\{C~) restricts trivially to Uq-\q-^{^) . If = 3 

and Mj-T = {1}, under the decomposition (|3.4p . cf(£~) is the pullback of the 
poincare dual of a point by the projection map onto the second factor. Thus, 
similarly to the proof of Lemma 16.31 

Cur\T^ ( X ev^; ApSxps) = iV(ai), where 
ai Gr(%(/x);Hom(.F,eviTp3)), ^= ai{v) = J] V^^^^^Vh- 

Since ai is an isomorphism on every fiber of over the finite set Uq- ij^i^^q-^fi) ^ 
N{ai) = . Thus, over all bubble types T as above, we obtain 

CaWri(M)(^'^T ^ ^^I'^P'xP') = l"^'3(^)|- (6.11) 
The claim follows from equations (|6.9|1 . (|6.1Uj) . and (|6.11|) . □ 

6.2 Other level 1 numbers 

In this subsection, we compute the level 1 numbers of Lemmas II .41 and 11.61 and 
thus conclude the computation of the enumerative numbers of Theorems 11.21 
andlOl 

Lemma 6.5 With assumptions as in Lemma \l.4i 

\V2\f^)\ = |V2(/^ + H^)\ + (a^, V2(/x + H^)) + 3|V3(/i)| 

-((12 - d)a| + 4a-,r^ , + 2r/g^2 " ^,i> V2(^)>. 

Proof (1) By definition and the usual argument, 

= E (((i^^i ev^}-i(Ap3xP3),Z7^(^)» 
r 

= |V2(/X + //0)| + (ag, V2(/i + F^)) + d(aH, V2(/X)> 

r 
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where the union is taken over all bubble types T = (Mi, l2',j, d) such that 

= 1, dj, ^2 > Oi aiid + ^2 = 0. 

Let T = {Mi,r,j,d) be a bubble type such that T < f and U^^f{fi) 7^ 0. If 
Xrll, 1) > 0, as in the proof of Lemma IHTTl Uf^ does not contribute to 

Thus, we assume, xt(1i 1) = 0. 

(2) By Lemma 1121 

{ evj X ev^ }(l>f,T('") = Yl (yh-ri - ^1; ^ {^r,h + £h{v)}ph{v), 

where /^^(i;) = Ui, 
iG(ir(fc,l),/i] 

for all V G J^T^ . Since the linear map, 

is injective over U^^;j-{Ji) by Lemma f3.41 Uq-\^f^ is (ev^ x ev^, ApSxps) -hollow 
unless Xi(^) = If Xli"^) = by dimension-counting, 

\xi{T)\ = |/+| = 1 and M~T = {1} or M~T = {T, /} for some / € [N] 
OR \Xi{T)\ = [/+! = 2 and M^T = {!}. 

Furthermore, by Proposition I2.18BI a rescaling of the linear map, and the 
decomposition (|3.4|) . 

CiY^l^(/.)(ev^ X ev^; Apsxps) = A^(ai), where 
ai G r(%j^^^^(^)^,,^^(^) X Zi^(^);Hom(^,ev^rp3)), 

Since ai comes entirely from the second component, N{ai) = unless the first 
component is zero-dimensional, ie unless Xji'^) = {^} is a single-element set 
and MjT = {1}. Thus, we assume that this is the case. 

(3) Bv Propositions I2.18AI and I2.18BL 

iV(ai) = {6a^ + 4a^ci{Ll) + cliLl),UYifJ-)) - CQjj_^^){ai). 
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Suppose T' = (Mo, I';j',d') is a bubble type such that T' < T and ^ 
0. Then, does not contribute to CQi(—(^fj_^{cti) unless d'^ = 0. If d'^ = 0, 

by Proposition 13.51 

ai(pr,T'(^) = X] {'^rlh' + ^h'{'L>)}ph'{v), where = i^i, 

h'Gxhir') ie{h,h'] 

for all G Thus, U^i^y{iA is a]'-~hollow unless Xft(^) = such 

a case, either T' = T[l) for some I € M^T or |x/j(T')| = |/''*'| = 2 and 
MfiT' = 0. In either case, 

Cu^,^rM (at) = N{ai), where as € r(Z7T'(//); Hom(.Fr', ev^ TPVC^i)) 

is a nonvanishing section. Thus, using Proposition 12.18X1 along with identities 
(|3.2j) and (|3.2j) . we conclude that 

iV(ai) = (6a| + 4aoCi(/:^) + cjiCl) - Yl l^r'ir(/^)|- (6-13) 

\xh{r')\=2 

Summing equation (|6.13p over all bubble types T, we obtain 

r (6.14) 

= (I2af + 4aor^_, + 27^ ^ " V2(//)) - 3|V3(a^)|. 

The claim follows from ()6.12() and 1)6. 14(1 . □ 

Lemma 6.6 With assumptions as in Lemma ll. 61 

(ag, V^'^(/z)) = 2(ao, V2(/x + {i/^ : H^})) - (Sog + 2ao77g ,,V2 (/.)>. 

Proof (1) Let M = Mq U {0} and let Ji be the M-tuple of constraints given 
by Jli = Hi if I & Mq and Jl^ = , where is a generic hyperplane in . 
By definition and the same argument as before, 

{aoM2'^\^J■)) = ((({^^T ^ ev2}-HAp3xp3),Z7^(/I)» 
r 

= 2(ao,V2(^ + {i/^ : i/^})> - ^ Cg^^^ (~) ( ev^ x ev^; ApSxps) , 

(6.15) 
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where the union is taken over all bubble types T = (M2, l2]j, d) such that 
= 1, = 2, d-^, > 0, and + d:^ = 0. 

Let T = {M2, 1; j, d) be a bubble type such that T <T and U^^f{fi) 7^ 0. If 

dh ^ for some h & I such that h < j-^ or h < as in the proof of Lemma [6. 11 
i/^^ does not contribute to Cg^_^~-|(ev^ x ev^; Aps^ps); see also Lemma l4.!-{l 

Thus, we assume that dh = for all /i G / such that h < 01 h < j^. 
(2) By Lemma 01 
{ ev^ X ev^ } 0^ ,^(1;) 

for all u G J^Ts — Y{TT; /+) . Since the map 

is injective over U^^f{iJi), it follows that U^^f{^) is (ev^ x ev^, Apsxps) -hollow 
unless 

Xi(T)Ux2m = ?+- 

In such a case, by Proposition I2.18B1 a rescaling of the linear map, and the 
decomposition (|3.4p . 

Cw^l^CT(eVj; X evg; Apsxps) = iV(ai), where 

ai Grp^^j^^^(^)^j^^^(^) x^{2}ux^(r)uM^(r) x Z^:5^(/I);Hom(^,evirp3)), 

Since ai comes entirely from the third component, N{ai) = unless the first 
two components are zero-dimensional, ie unless 

\x~^{T)\ = \x~^{T)\ = l and \M~^{T)\ = \M~^{r)\ = I. 

It follows that 

E^9%(m)(^^i ^ ^v^i^P^xps) = 2iV(ai), where 
r 

ai G r(V2(/J); Hom(L^ L^, ev^ TP^)) , |^^^^^ (t;) = vf-Aj^ + P^^^)^i;2, 
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if T = {Mq, l2;j,d) bubble type such that djjdg > and + = 0. Using 
Propositions I2.18AI and l2. 18B1 we conclude that 

^ ^^a^^P^xPs) = (8a| + 2agr/g -^,V2(/i)>. (6.16) 

r 

This number is in fact computed in the proof of Lemma 5.13 in ^7j- The claim 
follows from equations (|6.15j) and (|6.16j) . □ 

Lemma 6.7 With assumptions as in Lemma \l.b\ 

{m,v^2''\f^)) = (r?o,i,V2(/^ + {^' : H^})) + \V2{f^ + H^)\ 

+ 2(ao, V2(m + H')) + 2(i(aH, V2(/x)) - 6|V3(/i)|. 

Proof The proof is a mixture of the proof of Lemma 16.61 with the proof of 
Lemma 16.31 □ 



7 Other examples 

7.1 Rational triple-pointed curves in 

In this subsection, we prove Proposition ie the analogue of Theorem 1 1.2 1 
The method is the same as in Section ^ but the computation is significantly 
simpler, since there are many fewer boundary strata to consider. Note that the 
formula of Proposition 17. II agrees with [HI Lemma 3.2] and jl51 Subsection 3.2]. 

Figure outlines the computation of the boundary contribution to the hom- 
ology-intersection number ((V]; (fj,))) . It shows all non-hollow boundary strata 
and the multiplicity with which the number N(a) of zeros of an affine map 

(2) 

over a closure of each stratum enters into ((Vf (a*))). In three of the cases, the 
number N{a) is easily seen to be zero. Lemma l7. 21 computes the number N{a) 
in the remaining two cases. 

If d is a positive integer, let denote the number of degree-d rational curves 
that pass through 3d — 1 points in general position in P^. Following ^^j) we 
put 

Ad = nd = (ag, Vi(^)), 



di+d2=d ^ ^ 

-Cd = Arf = i ^ f^ff _ Jdid2nrfinrf2 = |V2(^)| = -{r^^^,Vl{^^)) , 



di+d2=d 
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where /i is a tuple of 3d— 2 points in P^. The computation of the above in- 
tersection numbers, with essentiahy the same notation as in this paper, can be 
found in Subsection 5.7 of (17j . 

Proposition 7.1 If d is a positive integer, the number of rational one-com- 
ponent degree-d curves that have a triple point and pass through a tuple fi of 
3d— 2 points in general position in p2 is ^|v|^^(//)| , where 

I Vf ^ ifi) I = 3(^2 -6d+ 10)Ad - 3{d - 6)Bd + 6Cd. 

Proof We use the same notation as in Section |1J except now all the stable 
maps under consideration have values in P-^, instead of P^. Similarly to Sub- 
section we have 

= - Cow^,(^)(eVi X ev^; Apaxpa) 

_ (7.1) 
= 2^^^ + d(ag,vS^^(M)> -Cgj^^^(^)(evY xev^; Ap2xp2), 

where n^^^ denotes the number of degree-d rational curves that pass 3d — 1 
points in general position in P^ counted with a choice of a node, ie 

The number (^Oq, Vi^^(/u)) is computed in Lemma 17.51 In order to compute 
the boundary contribution C^^^ ( evj x evg; Ap2xp2) , by Lemma 14.41 it is 
sufficient to consider only bubble types T = {M2,I;j,d) such that T < 72 and 
either xt{^,2) = or xr(li2) = 0. Thus, the number 

is computed by Lemmas 17.21 and 17.41 Finally, the numbers {Vq and 
are given by Lemmas 17.51 and 17.61 □ 

Lemma 7.2 The total contribution to the number 

from the boundary strata Ur2,T , where T = (M2, 1]j,d) is a bubble type such 
that T < T2 and either 2) = or xt(1, 2) = 0, but not both, is given by 

X] Cwr2,r ( X ev2;Ap2xp2) = (6ag 2775 V^^V)) - 
xr(T,2)+xr{l,2)>0 
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Figure 14: An outline of the proof of Proposition 17. II 

Proof (1) By symmetry, it is sufficient to consider the case xt(1;2) = and 
Xt{^, 2) > and then double the answer. By Lemma l4.ll 

z7g(M)nZ^r.,rc4y^^(/x). 

By Lemma l4.2| 

{evYxev2}0r2,r(^) Yl iyh-:2- ^h-:2)~\'^?,h + ^h{v)}ph{v), 
where Ph{v) = Uj, 

for all V G J-T^* — Y(J^T; I^) and some C'^-negligible maps 
Sh : TTs* - Y{TT- /+) Hom(L;„ evi TP^). 

The linear map 

a: :F= L;, ^eviTp2 
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is injective over u!^l^^{fi) by Lemma E31 Thus, if /+ / XiC^), then U^Jj-^{ii) 
is (ev^ X ev^, Ap2xp2)-honow, and 

Cwtj.t ( X evg; Ap2xp2) = 
by Proposition I2.18B1 or Lemma I2.2U1 and Lemma l4. 11 

(2) On the other hand, if /"'" = XiC^) i by the above and Lemma u!^j-^{ij) 
is (evj X evg, Ap2x pa) -regular, and by Proposition I2.18BI a rescahng of the 
Unear map, and the sphtting H3.4() . 

^Wra.T ( X evg; Apa^pa) = N{a), where 

« e r(%j^^.^(^)^^,^(^) X Z^«(/x);Hom(^,evirp2)), a{v) = ^ 

Since the hnear map a comes entirely from the second component N{a) = 
unless the first component is zero-dimensional, ie |X];(^)| = 1 and MjT = {2}. 
Thus, we conclude that 

^ CwT2,r(ev^ X ev^; Ap2xp2) = 2N{ai), 

xr(l,2)+xr(l,2)>l 

where ai = G r(vf ' (/i); Hom(LY, ev^ TP^)) . 

The number N{ai) is computed in Lemma 17.31 □ 

Lemma 7.3 If ai = v''^^- £ r(vf V); Hom{Lj, evl TF^)) , 
N{ai) = (3ao + ciiq) ,V? {^^)) - 2\Si{fi)\. 

Proof (1) Since ai does not vanish on v[^\fj,) by Lemma 13.41 by Proposi- 
tions I2.18AI and I2.18B1 

iV(ai) = (3ao + ci(L;), Vl'^(/z)) - C^y(i)(^)(«^), (7.3) 

where aj^ denotes the composition of ai with the projection vr^ onto the 
quotient d of evi TP^ by a generic trivial line subbundle Ci^i . Suppose 

T={Mi,I;j,d) 

is a bubble type such that T < 7i . 

(2) If xt(T, 1) > 0, by Lemma O 

vS'^(/.)n^/r„r cW^y^^(/i). 
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If in addition dj > 0, ai does not vanish on l^q-^j-^ (^) , and thus Uti,t does not 
contribute to ^gyW f^^-^i'^'t) ■ other hand, if = and ^ 0, 

by dimension-counting via Lemma l3.41 xji'^) = {^} is a single element-set and 
T = Ti{l) for some / € [N] . By Proposition 13.51 

V':^lj{(pr„r{^)) = {D^r]h + all v e TTs* - Y{TT; {h}). 

Since the section X^^^^ does not vanish over U^^j-^{fi) by Lemma 13.41 by Propo- 
sition EHbI 

Summing up for all bubble types T = 7i(/), we conclude that 

J2 C^,,^,,(a^) = |vg(M)|. (7.4) 
Xr(l,l)>0 

(3) If T < Ti and xr(T,T) = 0, by Lemma lO 

If 5r|ri(/^) 7^ 0) by dimension-counting via Lemma 13.41 XiC^) = {^} is a 
single element-set and T = 7i(l). Subtracting (y^- — x^) times the expansion 
of {ev^ X ev^} o (I)Ti,t in Lemma 14.21 from the expansion of in (3b) of 

Proposition 13.51 we obtain 

'D^^lj(pr^,r{v) = -{yj-Xh)(S) [vf^^ + £{v)]v ® v 
for all V G TT such that ^rx.j{v) ^ 
and for some -negligible map 

e: TTi - Y{TT\ 1+) — > L*^^ ^ 2"p2_ 

By Lemma 13.41 I^^^ does not vanish on the finite set S'j\'j-^{ii) . Thus, by 
Proposition EHH 

1^ C^^^_^(a^) = 2|5r(/x)|=2|5i(/i)|. (7.5) 

xr{l,l)=0 

The claim follows from (f7^ - (|73|) along with (|3^ and (|3?3|) . □ 

Lemma 7.4 If T = {M2,r,j,d) < 'h is a bubble type such that xr(l,2) = 
Xr(T,2) = 0, 

Cwtj.t ( X ev^; Ap2 ^^2) = 0. 



Geometry & Topology, Volume 9 (2005) 



Counting' rational curves of arbitrary shape 



685 



Proof Since Xt(1,1) = 0, by Lemma El U^^ (fJ^) ^Ur^^r C cSr|r2(^)- If 
'5r|r2(/^) 7^ 0; Xii'^) = {^} is a single-element set. Subtracting the expansion 
of {ev\ X ev^} o (pT^^q- of Lemma 14.21 times 

from the corresponding expansion {ev^ x evg} o (jj-r^^T ^ we obtain 

{evj; X ev2}o(/)-7-2 7-(t;) = {a+e('t;)}p(t;) for all v G .T^T^ with ^("t^) G ^ri^(/^)) 



where p is a a monomials map on with values in a line bundle J-T and 
a: JFT — ^ev^TP^ is a linear map. Explicitly, if hi = iT{h,l) and /i2 = 

iT(/i,2), 



a(vi 



V. 



(2) 



ie{hi,h] ie(/i2,/i] 



1-2 



/i;2 ^2 



if hi = /i2; 
if /ii < /j,2; 
if /ii > /i2. 



Thus, 57-|r2 (^) is (ev^ x ev^, Apsxps) -hollow unless = • Oii other 

hand, if I"*" = by Proposition 12.1851 the decomposition ()3.4|) . and a 

rescaling of the linear map, 

Ci4^_^ t(^^i ^ ^^2' ^P^xps) = 2A^(ai), where 
ai = TTlVp G rp^^ X 5:^(/.);7r^Hom(Li,evirp3)). 

Since IM^TI > 2, the first factor is positive-dimensional, while the linear 
map ai comes entirely from the second factor. Thus, 

^Ut,,.t ( X ev^; Apsxps) = N{ai) = 0. □ 



Lemma 7.5 If d is a positive integer and fi is a tuple of 3d— 2 points in general 
position in 

through the constraints fi and have a node on a generic line is ^{a^jVl"^' (fj.)) , 
where 

Furthermore, 



, the number of rational one-component degree-d curves that pass 

i/„ ttW/ 



(ao,vS'^(^)) = ((2d-3)a|-aor/5„Vi(/x)>. 
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Proof (1) In order to prove the first identity, we take Ji to be the M = 
[N] U {0}-tuple of constraints defined by Jli = fii and Jl^ = , where is a 
generic hyperplane. Similarly to the proof of Lemma l6.ll 

{aoMihp')) = ((ao> VS^^(^)» - C9j^^^(~)(evY x ev^, Apz^pa) 
= 2d(a|,Vi(^)> -C^27^^(~)(evY xev^,Ap2xp2), 

where C^^^ ^-^ ( ev^ x ev^, Ap2xp2) is the contribution of dUji {p) to ((v|^^ (/I))) . 

If T = {Mi,I;j,d) < 71 is a bubble type such that xt(1)1) > 0, the map 
ev^ X ev J- is transversal to Ap2xp2 on U'x\T-^{Ji) by Lemma \\\A\ and thus the 
boundary stratum h(ri,T(fi) does not contribute to the number 

'^awTi(Ai)(^^i ^^^I'^P^xP^- 
If xr(T,l) = and Ur\T^{lj) + 0, Xii^) = and M^T = {1} are single- 
element sets. By Lemma 14.21 

{ ev^ X ev^ }0ri,r(t') = (2/1 - ^ ® {V^^^^^^ e(v)\v for all u e J^T^. 

Since the section "C^^ does not vanish on Z^riTi (m) by Lemma 13.41 lA'T\r^ 

is ( ev^ X ev^, Ap2xp2) -hollow unless = {/i}. If 1^ = {h}, by Proposi- 
tion [2^^Bj decomposition (|3.4() . and a rescaling of the linear map, 

Cw^l^^(Al)(eVj; X ev^; Ap2xp2) = N{ai), where 

ai = P^t G r(Vi(/I);Hom(LY,eviTp2)). 

By Propositions 12. 1 8 A I an d l2. 1 8 HI 

iV(ai) = (3a^ + ci(Li),Vi(/I)> -C5y^(^)(«^). 

If T = {Mo,r,j,d) < To is a bubble type such that ai vanishes somewhere on 
Uq-\T(,{V') 1 =T\{1) for some I G [N]. From Proposition 13.51 we then obtain 

Putting everything together and using identities 1)3. 2() and (|3.3() . we conclude 
that 

^awri(Ai)(^^i ^ ev^'^P^xpa) = (3a| + aQCi(/:i), Vi(/i)). (7.7) 
The first claim of the lemma follows from (|7.H|) and (|7.7j) . 
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(2) Let s be a section of C~ with good properties, ie as in the proof of 
Lemma 16.31 Then, 

= (ci(£i), Vi(/. + H')) + (agci (/:;), Vi(/i + H^)) + 3(aH, Vi(/i)> 

= {a^ + d- aoCi(£i), Vi(^ + i7^)> - C^^^o)naUT,M ( ^'^i ^ ^^i' ^p^xpO- 

(7.8) 

In the last equahty we used Lemma 5.17 of jJTj, which is essentially Lemma 2.2.2 
of TTl. If 

T = {M,,I;j,d) <Ti 
is a bubble type such that xt{^, 1) > 0, the space U']-\j'^ does not contribute 
t° ^eWTiW(^'^i ^ e^i'^P^xpa) unless xr(l, 1) = and T% .^\Ur\T^{p) / 0. On 
the other hand, 

Xr(T,l) = 0, 7?g,i|Z7r|ri(/^)^0 =^ i+ = ^~(T) = {h^.h^}, M~^{T) = {1}. 
By Lemma l4. 21 

{ evY X ev^ ](t)ri,r{v) = ^ (^i - Xh)'^ ® {^r,h + ^h{v)]vh, 

for all u E .FT^. Thus, 

'^Wr|Ti(/^)(^^T ^^n;^p2xp2) = ^|s~^(0) nZ^riri(^)| = \^ril^)\- 
We conclude that 

Cs-Ho)ndUrM^''^i ^ ev^>^p2xp2) = |V2(^)|. (7.9) 
The second claim of the lemma follows from ()7.8() and (|7.9p . □ 

Lemma 7.6 If d > 1 , tiie number of rational degree-d cuspidal curves passing 
through a tuple /i of 3d— 2 points in general position in is given by 

|'5i(m)| = (3a| + 3aQ7/g^^+r?|_^,Vi(^)) - |V2(/x)|. 

Proof This is the n = 2 case of Theorem ll.il see |171 Lemma 5.4] for a direct 
proof. The same formula can also be found in jlH Subsection 4.5] and jl51 
Subsection 3.2]. □ 
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7.2 Rational tacnodal curves in 

In this subsection, we prove Proposition 17.71 the P^-analogue of Theorem 11.31 
The formula we obtain agrees with previously known results; see equation (1.2) 
in P] and Subsection 3.2 in 15 . 

Figure [T31 shows the three types of boundary strata V^i\n) HUti^t such that 

P(L^eLi)|vS'^(/i)nZ^ri,r 
is not contained in a finite union of ^-hollow sets. For such boundary strata, 

F{Lj®q)\V?{fi)nUT„T 

is a union of one T>j<j^-iegulaT or hollow subset and one -regular subset: a 

section over the base v[^^(^) DUti^t and its complement. The second-to-last 
column of Figure [T31 shows the multiplicity with which each number N{a) of 
zeros of an affine map over a closure of the larger and the smaller subset, if it is 
regular, enters into the euler class of the bundle "Ji^f^^* ^eviTP^ as computed 

via the section "Dj^. The last column gives the number N{a) for each regular 
subset of the boundary strata. Contributions from the boundary strata as in 
the first row of Figure El are computed in Lemma 17.81 Lemma 17.91 deals with 
the boundary strata as in the last two rows of Figure El 

Proposition 7.7 If d is a nonnegative integer, the number of rational one- 
component degree-d curves that have a tacnodal point and pass through a 
tuple n of 3d— 2 points in general position in P^ is ^\s[^\n) \ , where 

\s[^\p) I = 2(3d - 11) Ad + 2{d - 9)Ba - 8Cd. 

Proof Similarly to Subsection 15.11 

\s['\fi)\ = (3a^, vS'^(^)> - Cap(i.^eLp(^T,i), (7-10) 

where C9p(j^0^*)(X'^^) is the contribution from the boundary strata of the 
space P(Lj^ L~) . This contribution is computed in Lemmas 17.81 and 17.91 The 

numbers (oq, v["^\/i)) and |5i(/^)| are given bv Lemmas 17.51 and 17.61 Finally, 
the number of two-component rational curves that pass through 3d— 2 points 
in general position in P^ , counted a with choice of an ordered pair of distinct 
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■cusp 







|5i(/i)l 
|5i(/i)l 



|V};l^(/i)| 



J- -hollow 



Figure 15: An outline of the proof of Proposition 



nodes at which the two components intersect and with a choice of a branch at 
one of these nodes, is easily seen to be 



3^ _^-^did2{did2 - l)nd^nd^ 

di+d2=d ^ ^ ^ 

2Ad + 2dBd + 2Cd 



(7.11) 



which proves the claim. 



□ 



Lemma 7.8 The total contribution to CQp(j^^^i;)(2>j j^) from the boundary 
strata F{L-^ (B L~)\l{ri,T , where T = [Mi, I; j, d) is a bubble type such that 
T <Ti and xt(1, 1) = 0, is given by 

E ^9P{L-i®L;)|Wr2,r(^,l) =5151(^)1. 
Xr(l,l)=0 



Proof (1) By Lemma lOl 

^^^^(/x)nZ^ri,r c5r|rl(/i)• 
If Sr\TA^^) ^ ^, = XjiJ) = {h} and MjT = {1} are a single-element 
sets. Subtracting the expansion of {ev^ x evj-} o 0Ti,t of Lemma l4. 21 multiplied 

by iVi — Xh) and by —{ui — Xfi)~^ from the expansions of ° 4>Ti,T and 
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■^r\ ° '^^i'^' respectively, given by Proposition I.S.51 we obtain 



,(2) 



T^i;i4'Ti,T{[yi,v^];y) = -{{{Vi- xh) ^ (S) + (y^ - xh) ^ ®T^r,h 

+£{v)}v (8) V 

for all ([t^j-)^];^) S J^Ts such that (t)Ti,T{'>j) £ ■ 

Zr = { [v~^,v^] G P(L^ e q)\UriT, ■ iVi - Xh)-^vj + (i/j - Xh)-\ = O}. 

Since the section does not vanish over Sq-^j-^ (fi) , by Proposition I2.18B1 

the decomposition ((33]), and a rescaling of the linear map, 

Cp(L^©Lp[5r|Ti{/0-2r(^T,i) = 2A^(ai), where 
ai G r(pi X 5i(/i);Hom(7*,7* 0eviTp2)) 
is a nonvanishing section. Thus, by Proposition 12.18'^ 

E Cp(z.-eL;)|5r|r,M-2r(^,i) = 2(2A-A,f1>|5i(m)| = 2|5i(^)|. (7.12) 
xr{l,l)=0 

(3) In order to compute the contribution from the space Z-j- , we model a 
neighborhood of Zj- in P(L^ © L~) by the map 

Near 

^^i^i'/'Ti.rli'yijt^li^ij^^) = - (^1 - Xh)~^ ® {'^P,h + £2(^4,^^))^ <8) v'S)u 

- iUi - Xh)~'^ (8) (X) {T^r]h + £3(^i, ^^))^^ t; (g) t; 

for all ([Uj-, i^]; f ) G TTs such that (I)Ti,t{'L') G Z//^^^ . By Lemma|331 the images 

of and are distinct over 5-2-|ri (^) • Thus, by Proposition I2.18BI the 

decomposition (|3.4)1 . and a rescaling of the linear map, 

J2 Cz^{V~^j) = 3\Si\. (7.13) 

xr{l,l)=0 

The claim follows from equations 1)7.12(1 and ()7.13|) . □ 

Lemma 7.9 The total contribution to Cgp(/^^©j^j)(I'Y^) from the boundary 
strata f{Lj L~)\l/(ri,T, where T = (Mi,/;j,d) is a bubble type such that 
T <Ti and xt{^, 1) > 0, is given by 

xt(i,i)>o 
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Proof (1) By Lemma UTTl 

If = 1 or > 1 and dj^ = , the section Vj ^ has a nonvanishing extension 
over Thus, we only need to consider bubble types T such that 

= h > 1 and dh > 0. 

Furthermore, if u!^lj-^ip) / 0, 1+ = {T,h}. 

(2) If = and ^^y^^(Ai) / 0, T = Ti(/) for some / € [iV] . By Proposi- 
tion EISl 

1^iri^ruTi[vi,v^];v) = -{]r^-Xh)'^vj0 V^^\ + eiv)}v* 
for ah G J^T^ - y(J^T; /+). 

Let Zq- = PLj- . Since the section 'D^j^^f^ does not vanish on (/i) , by Propo- 
sition |2^^Bl and a rescaling of the linear map, 

ai Gr(pi x5i(^);Hom(7*,7*®evirp2)), 
is a nonvanishing section. Thus, by Proposition 12.18X1 

On the other hand, with the same notation as in (2) of the proof of Lemma l7.8l 
near Zq-, 



V. 



Thus, by Proposition 12. 18B1 

Cz^{T\^) = \Zr\ = \U^^}r,H- 

We conclude that 

E^ni^l©^l)l"r,.r(^l,l)=0. (7.14) 
(3) Finally, suppose > 0. The same argument as in (2) above shows that 
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but Zj- is ^-hollow. Thus, summing up over all bubble types T of appro- 
priate form, we obtain 

E Cp(Z.,©Lpii.r„r(^T,i) = (7.15) 
The claim follows equations (|7.14l) and (|7.15j) . □ 

7.3 Rational cuspidal curves in P" 

In this subsection, we prove Theorem 11.11 In particular, we construct a tree 
of chern classes, as mentioned in the third-to-last paragraph of Subsection 11.21 
The sum of these chern classes, with an appropriate sign, is the number that 
appears on the right-hand side of the equation in Theorem ll.il The tree is very 
similar to that constructed in Subsection 3.1 of the main difference is that 
here we focus on intersection numbers, instead of zeros of polynomial maps. 
Theorem 11.11 follows immediately from Corollarv 17.121 and Lemma 17.131 

We first introduce a little more notation. If d, A^, and fi are as in the statement 
of Theorem 11.11 k > 1, and m > 0, let Vk,mit^) and Vk^mip) denote the 
quotients of the disjoint unions of the spaces UriJi) and lAq-{Ji), respectively, 
taken over all bubble types 

r = {[N] - MQ,Ik;j,d) such that Mq C [N], \Mo\ = m, 
4 = {0} U {T, . . . , aJ}, d~^,...,dj^>0, ^di = d, 

by the natural action of the symmetric group Sk ■ Here Jl is the ([A^]— Mo)U{0}- 
tuple of constraints defined by 

Jli = 1^1 if / G [N] - Mo; Mo = n 

By dimension-counting, the spaces Vk^mip) Sire smooth manifolds. We define 
the vector bundle -Efc.m — > VA;,m.(/^) and homomorphism ak,m '■ Ek^m evi TP"- 
over Vfc,m(/u) by 

Ek,m\Ur{lj) = ^ Li, ak,m{{vi)iei+) = ^ '^rl'^ij 
iei+ 

whenever T is a bubble type as above. 

We now construct the tree mentioned above. Each node is a tuple 

a = {r;k,m;4>), 
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where r > is the distance to the root ctq = (0; 1,0; ■), /c > 1, and m > 0. The 
tree satisfies the following properties. If r > and 

a* = (r -l;k*,m*;(p*) 

is the node from which a is directly descendant, we require that k* < k, 
m* < m, and at least one of the inequalities is strict. Furthermore, (p specifies 
a splitting of the set [k] into k* disjoint subsets and an assignment of m — m* 
of the elements of the set 

H = {(l,l),---,(l,m)} 

to these subsets. This description inductively constructs an infinite tree. How- 
ever, we will need to consider only the nodes 

a = (r; k, m; 0) such that 2k + m < n + 2. 

Wc will write aha* to indicate that a is directly descendant from a* . 

For each node in the above tree, except for the root, we now define a linear 
map between vector bundles. If cr = {r-,k,m;(p) and s > 1, let 

{as = (s; ks, nis] <ps) ■ < s < r} 

be the sequence of nodes such that ar = a and ag H as-i for all s > 0. Put 

where 

y<y = ya,r, Vafl = {pt}, 3^a,s = Pi^<x, X if S > 0, 

iglm (j) iglm <j) 

For the purposes of the last line above, we view as a map from [k] — [k*] and 
a subset of [m] to [k*] in the notation of the previous paragraph. Then, 

7(T;i ^ 2)ti+</)-i(j) 

is the "tautological" line bundle, ie the universal tangent bundle at the marked 
point i. Let 

Oa = Oa,r, Oa,i = eviTP", = 0^,,_i/lm if s > 1, 

where Ua-^s £ ^{'^a,s',^om.{'-fFa^,Oa,s)) is a generic section. Since kg-i < kg, 
fng-i < mg, and one of the inequalities is strict, 

1 1 

- dimXa,s < 2 dimXa = (n + 2 - 2A; - m) + ^ (| Im <?!)s| - l) 

s=l 

= n + l — k — r<ick O^r^i — {r — 1). 



Geometry & Topology, Volume 9 (2005) 



694 



Aleksey Zinger 



Thus, we see inductively that each bundle Oo-.s is well-defined and a generic 
section of 'H.om{'yp^^, Oa-,s) does not vanish. Let 

TT,: eviTP^^a 

be the projection map. We define 

5^ G r(;f^; Hom(7>^ ® Ey, j*p^ (g) O^)) by 
{aa{r (g) v)}{w) = t{w) ■ TTaaa{v) G Oa- 

Lemma 7.10 With notation as above, 

= (c(L2 0evi TP"), Vi(a^)> - 5^ iV(5<,). 

ahao 

Furthermore, for every node a* ^ , 

crhcr* 

Proof This lemma is obtained by the usual argument from the estimate (3b) 
of Proposition 13.51 via Propositions I2.18AI and I2.18B1 If cr* 7^ do , the proof is 
the same as the proof of Lemma 3.3 in 20 . For the first identity, apply the 
proof of Lemma 3.3 with a^^ = ^^Y" '-' 

Lemma 7.11 For every node a ^ a^, 

(c(7|,^ ® 0^)c{j*p^^E^)-\x^) = {c{evlTF"')c{Ek,mr\Vk,m{J^)). 
Furthermore, 

(ci(Li®ev^TP"),Vi(/.)> = (c(ev^rP")c(ii;i,o)-\Vi,o(/I)>. 



Proof For the first identity, see the proof of j2Ul Corollary 3.5]. The second 
equality is clear f 

Corollary 7.12 



equality is clear from the fact that dimVi(//) = rkevgTP" □ 



l,0)<(fc,m) I 

Yl yi j{''%,n+2-(2k+m)-l^'^k,m{Ji))y 



I'5i(m)|= J2 U-l)'+™"'fc'"(r«-l)! 

(l,0)<{fc,m) 

n+2-(2fc+m) 
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Proof This corollary follows from Lemma 17.101 and Lemma 17.111 via straight- 
forward combinatorics; see |2U[ Corollary 3.6 and Lemma 3.7]. □ 

Lemma 7.13 For all k > 1 and I > 0, 

m>0 

= (A;-l)!(a'??g^^^2_2,_pVfe(M)). 

Proof See the proof of Corollary 3.10 in [201) which uses (|3.2|) along with jlH 
Subsection 3.2]. □ 



8 Low-degree numbers 



We now give some low-degree enumerative numbers for rational curves in pro- 
jective spaces. In all five tables, the top row lists the degree d of the map. 
In Tables ^ and [21 the constraints are assumed to be 3d— 2 points in general 
position in P*^ . In Tables El and 01 the constraints are p points and q lines 
in , as specified by the second row. Similarly, in Table O the constraints are 
p points, q lines, and r two-planes in P^. 

The formulas of Theorems 11.21 and 11.31 give zeros in degrees one, two, and three. 
Prom classical algebraic geometry, one would expect these low-degree numbers, 
as well as the first three degree- four numbers listed in Tables |21 and 01 to vanish. 
In addition, as expected, the fourth number in Table O (Table ^ is the same 
as the degree- four number of Tabled (Tabled). Similarly, all degree-one and 
-two numbers and several degree-three and -four numbers, as listed in 

Table are zero, as the case should be. Finally, observe that the third number 
of Table is the same as the long- known number of plane cubic cuspidal curves 
that pass through seven general points. 



d 


1 


2 


3 


4 


5 


6 


7 


8 


ivr(M)i 











60 


56,400 


49,177,440 


56,784,765,120 


91,466,185,097,280 



Table 1: One-coniponent rational triple-pointed curves in 
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Aleksey Zinger 



d 


1 


2 


3 


4 


5 


6 


7 


8 













1,296 


499, 680 


271,751,040 


227, 509, 931,520 


287, 190, 836, 432, 640 



Table 2: One-component rational tacnodal curves in 



d 


4 


4 


4 


4 


4 


4 


5 


5 


5 


6 


(P,<l) 


(6,1) 


(5,3) 


(4,5) 


(3,7) 


(2,9) 


(1,11) 


(8,1) 


(7,3) 


(6,5) 


(10,1) 













60 


1,280 


19, 640 


8 


264 


4, 360 


4,680 



Table 3: One-component rational triple-pointed curves in P'^ 



d 


4 


4 


4 


4 


4 


4 


5 


5 


5 


6 


ip,<l) 


(6,1) 


(5,3) 


(4,5) 


(3,7) 


(2,9) 


(1,11) 


(8,1) 


(7,3) 


(6,5) 


(10,1) 


|l'5r^(M)l 











1,296 


27, 648 


426, 672 


960 


9,792 


111,840 


112,320 



Table 4: One-component rational tacnodal curves in P^ 



d 


3 


3 


3 


3 


4 


4 


4 


4 


5 




(4,0,1) 


(3,1,2) 


(3,0,4) 


(2,1,5) 


(6,0,0) 


(5,1,1) 


(5,0,3) 


(4,1,4) 


(7,1,0) 


\Si{p)\ 








24 


240 











1,680 


120 



Table 5: One-component rational cuspidal curves in P^ 
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